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Abstract
In this article we consider moduli properties of singular curves on K3 surfaces. Let
Bg denote the stack of primitively polarized K3 surfaces (X,L) of genus g and let
T ng,k → Bg be the stack parametrizing tuples [(f ∶ C → X,L)] with f an unramified
morphism which is birational onto its image, C a smooth curve of genus p(g, k)−n and
f∗C ∈ ∣kL∣. We show that the forgetful morphism
η ∶ T ng,k →Mp(g,k)−n
is generically finite on at least one component, for all but finitely many values of
p(g, k)−n. We further study the Brill–Noether theory of those curves parametrized by
the image of η, and find a Wahl-type obstruction for a smooth curve with an unordered
marking to have a nodal model on a K3 surface in such a way that the marking is the
divisor over the nodes.
1 Introduction
The aim of this article is to study the moduli of those singular curves which may be embedded
into a K3 surface. Let [C] ∈ Mp be a point of the moduli space of smooth curves of genus
p. We say C admits a singular model lying on a K3 surface of genus g if there exists a
polarized K3 surface (X,L) of genus g and an integral curve D ∈ ∣kL∣ for some k such that C
is isomorphic to the normalization of D. Broadly speaking, we wish to consider the following
question:
Questions. What is the dimension of the locus of curves [C] ∈ Mp admiting a singular model
lying on a K3 surface of genus g? Furthermore, what conditions must a curve [C] ∈ Mp
satisfy in order to admit a singular model D lying on a K3 surface?
In practice, one tends to put a condition on the singularities of the integral curve D in
order to approach the above question, as otherwise the deformation theory of the pair (D,X)
is hard to control. In [26], the above questions are considered under the hypothesis that D
is nodal. We will instead work with the much weaker hypothesis that the normalization
morphism f ∶ C → D is unramified (recall that f is said to be unramified if its differential
never vanishes). In particular, if D has ordinary singularities then f is unramified, whereas
f has ramification if D has a cusp.
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If D is a singular, integral curve on a K3 surface X , let µ ∶ C ∶= D˜ → X denote the
composition of the normalization D˜ → D with the inclusion D ↪ X , and let p be the
arithmetic genus of C ∶= D˜. This gives a one-to-one correspondence between pairs (D,X),
whereD is integral of geometric genus p, and morphisms f ∶ C →X where C is a smooth curve
of genus p and f is birational onto its image. As is by now well-known, the deformation theory
of the morphism f is in many ways considerably easier to work with than the deformation
theory of the pair (D,X). We will take this viewpoint throughout this paper and formulate
the above questions in terms of stable maps, see [29] or [1] for an excellent introduction to
this topic.
1.1 The number of moduli of singular curves on K3 surfaces
Let Bg denote the stack of pairs (X,L), where X is a K3 surface over C and L is an ample,
primitive polarization with (L)2 = 2g − 2 for g ≥ 3. There is a Deligne–Mumford stack
Wng,k → Bg
with fibre over a polarized K3 surface [(X,L)] ∈ Bg parametrizing all stable maps f ∶ C →X
with f∗C ∈ ∣kL∣, where C is a connected, nodal curve of arithmetic genus p(g, k) − n, with
p(g, k) ∶= k2(g − 1) + 1. Denote by
T ng,k ⊆Wng,k
the open subset consisting of unramified stable maps f ∶ C → X with C integral and smooth
such that f is birational onto its image.
By the (reduced) deformation theory of stable maps, T ng,k is a smooth stack of dimension
p(g, k) −n + 19, and every component of T ng,k dominates Bg, see [46, §4], [43, §2] and Section
3 of this work. For the general deformation theory of a morphism see [27], [10, §7.4]. Also
see [52], in particular Theorem 2.4 and Remark 3.1, for a different approach. The stack T ng,k
is nonempty by a result of Chen, [11]. For a different and more detailed account of Chen’s
theorem, see [31].
For p(g, k) − n ≥ 2, there is a forgetful morphism
η ∶ T ng,k →Mp(g,k)−n
defined by taking [(f ∶ C → X,L)] ∈ T ng,k to [C], whereMp(g,k)−n denotes the stack of smooth
curves of genus p(g, k) − n. A dimension count suggests that this might be dominant for
2 ≤ p(g, k) − n ≤ 11 and generically finite for p(g, k) − n ≥ 11. To ease the notation in the
primitive case k = 1 write T ng ∶= T ng,1.
The case n = 0 has been studied in depth. It was shown in [55] and [59, Thm. 7] that if
n = 0, k = 1 then the morphism
η ∶ T 0g →Mg
is generically finite for g ≥ 13 or g = 11. In the non-primitive case k ≥ 2, a very different
approach using the deformation theory of cones shows that η is generically finite for g ≥ 7
and n = 0, [16].
Our first result is an extension of the results on generic finiteness to the singular case
n > 0. In the case k = 1, we show:
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Theorem 1.1. Assume g ≥ 11, n ≥ 0. Set m = ⌊g−11
6
⌋ and let 0 ≤ r(g) ≤ 5 be the unique
integer such that
g − 11 = 6m + r(g).
Define
• lg ∶= 12, if r(g) = 0.
• lg ∶= 13, if 1 ≤ r(g) < 5.
• lg ∶= 15 if r(g) = 5.
Then there is a component I ⊆ T ng such that
η∣I ∶ I →Mg−n
is generically finite for g − n ≥ lg. For the general [f ∶ C →X] ∈ I, C is non-trigonal.
In the case k ≥ 2 we show:
Theorem 1.2. Assume k ≥ 2, g ≥ 8. Set m ∶= ⌊g−5
6
⌋ and let 0 ≤ r(g) ≤ 5 be the unique integer
such that
g − 5 = 6m + r(g).
Define:
• lg ∶= 15, if r(g) = 3,4, m odd and/or k even.
• lg ∶= 16, if r(g) = 3,4, m even and k odd.
• lg ∶= 17, if r(g) = 5, m odd and/or k even.
• lg ∶= 18, if r(g) = 5, m even and k odd.
• lg ∶= 17, if r(g) ≤ 2, m even and/or k even.
• lg ∶= 18, if r(g) ≤ 2, m odd and k odd.
Then there is a component I ⊆ T ng,k such that
η∣I ∶ I →Mp(g,k)−n
is generically finite for p(g, k) − n ≥ lg. For the general [f ∶ C →X] ∈ I, C is non-trigonal.
Setting n = 0, we recover the (optimal) statement in the smooth, primitive, case and all
cases other than g = 7 in the nonprimitive case.1 In particular, this gives a new proof of
the generic finiteness theorem for n = 0, k ≥ 2, g ≥ 8 which resembles the original approach
of [55].
1The well-known case g = 11, n = 0, k = 1 does not follow from Theorem 1.1 but rather from Corollary
2.11.
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A key part of our proof was inspired from a close reading of Mukai’s papers [62], [61], [60].
In particular, we use Mukai’s proof that, in some special cases, the data of a closed embedding
of a smooth, genus 11 curve C in a K3 surface X can be described purely in terms of C
together with a special line bundle A ∈W 16 (C). To be more precise, the K3 surface X is in
these special cases isomorphic to the quadric hull of φA† ∶ C ↪ Pk, where A† is the adjoint
of A. This isomorphism identifies the given closed embedding C ↪ S with the natural
embedding of C into the quadric hull of φA† (up to automorphisms of P
k). Using results
of [23], one can further check that the bundle A ∈W 16 (C) is unique. In particular, arguments
along these lines establish the main result of [55] in the case g = 11. See Section 2 for more
details.
Our new idea is to show that Mukai’s argument applies to the particular K3 surfaces YΩ11
introduced in Lemma 2.1. These K3 surfaces, which, as far as we know, have not previously
been considered, are closely related to the Picard rank two K3 surfaces from [61, §3]. In
contrast, however, to the surfaces studied by Mukai, YΩ11 has Picard rank ten and contains
multiple disjoint smooth rational curves by construction. As a result, some involved lattice
calculations must be carried out in Section 2. Using that rational curves are rigid on K3
surfaces, one then uses the surfaces YΩ11 to build Theorems 1.1 and 1.2 up from the main
result in [55]. This is performed in Section 3 via the deformation theory of stable maps.
Denote by
Vng,k ⊆ T ng,k
the open substack parametrizing morphisms [(f ∶ C → X,L)] with f(C) nodal and set
Vng = Vng,1. The following conjecture is found in [20]:
Conjecture 1.3. The moduli space Vng,k is irreducible.
Let I ⊆ T ng,k be an irreducible component and denote the fibre of I → Bg over [(X,L)]
by I(X,L). If (X,L) is general, then each component of I(X,L) has dimension p(g, k) − n
and we have an injective morphism I(X,L) → ∣kL∣ sending [f ∶ C → X] to the integral
curve [f(C)]. Assume p(g, k) − n > 0. If I(X,L) contains a map [(f ∶ C → X,L)] with C
non-trigonal2 then a result of Harris and Chen, with an error corrected by Dedieu–Sernesi,
shows that the component I(X,L) must meet Vng,k, see [38, Pg. 107ff], [37], [11, Lemma
3.1], [21, Thm. 2.8]. Thus we have:
Corollary 1.4. The restriction
η∣Vn
g,k
∶ Vng,k →Mp(g,k)−n
is generically finite on one component, for the same bounds on p(g, k)−n as in Theorem 1.1
and 1.2.
We should also mention here that C. Ciliberto, F. Flamini, C. Galati and A. Knutsen
have a very different approach using degenerations of sheaves to unions of rational scrolls,
which when completed is likely to give another proof of Corollary 1.4 (for certain bounds on
p(g, k) − n). Moreover, their approach may potentially prove the (local) surjectivity of η on
one component of Vn
g,k
for some cases within the range p(g, k) − n ≤ 11, which is beyond the
reach of our method.
2The realisation that the arguments need a non-trigonality assumption, erroneously omitted in [11, Lemma
3.1], is due to Dedieu–Sernesi, [21]. Also compare with [38, Lemma 3.43].
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1.2 An obstruction for a marked curve to admit a nodal model on
a K3 surface
It is a natural question to study the image of η. In the case of smooth curves n = 0, there
is a well-known conjectural characterization of the image η, due to Wahl [73]. He makes
the following remarkable conjecture, which would give a complete characterization of those
smooth curves that lie on a K3 surface:
Conjecture 1.5 (Wahl). Assume C is a smooth curve of genus g ≥ 8 which is Brill–Noether
general. Then there exists a K3 surface X ⊆ Pg such that C is a hyperplane section of X if
and only if the Wahl map WC is nonsurjective.
Here the Wahl map refers to the map ⋀2H0(C,KC) → H0(C,K3C) given by s ∧ t ↦
tds − sdt. One side of this conjecture is well-known; indeed if C ⊆ X is a smooth curve in a
K3 surface then WC is nonsurjective, [71]. Furthermore, if C is general and Pic(X) ≃ ZC,
then C is Brill–Noether general, [53]. In [26, Question 5.5], it was asked if there exists such
a Wahl-type obstruction for a smooth curve to have a nodal model lying on a K3 surface.3
Let M̃p(g,k)−n,2n ∶=Mp(g,k)−n,2n/S2n denote the stack of curves with an unordered marking
(or divisor). One may slightly alter the above question and ask if there exists an obstruction
for a marked curve to have a nodal model lying on a K3 surface in such a way that the
marking is the divisor over the nodes (when we forget about the ordering). For any positive
integers h, l and [(C,T )] ∈ M̃h,2l, one may consider the Gaussian
WC,T ∶
2⋀H0(C,KC(−T ))→H0(C,K3C(−2T ))
which we will call the marked Wahl map, since it depends on both the curve and the marking.
In Section 4 we use a method inspired from [17] to show the following:
Theorem 1.6. Fix any integer l ∈ Z. Then there exist infinitely many integers h(l), such
that the general marked curve [(C,T )] ∈ M̃h(l),2l has surjective marked Wahl map.
On the other hand we show:
Theorem 1.7. Assume g − n ≥ 13 for k = 1 or g ≥ 8 for k > 1, and let n ≤ p(g,k)−2
5
. Then
there is an irreducible component I0 ⊆ Vng,k such that for a general [(f ∶ C → X,L)] ∈ I0 the
marked Wahl map WC,T is nonsurjective, where T ⊆ C is the divisor over the nodes of f(C).
1.3 Brill–Noether theory for nodal curves on K3 surfaces
In the last section we study the Brill–Noether theory of nodal curves on K3 surfaces. There
are two related questions: for [(f ∶ C → X,L)] ∈ Vng general, one may firstly ask if the
smooth curve C is Brill–Noether general and secondly if the nodal curve f(C) is Brill–
Noether general. For the first question we show in Section 5.1:
Proposition 1.8. Assume g − n ≥ 8. Then there exists a component J ⊆ Vng such that for[(f ∶ C →X,L)] ∈ J general, C is Brill–Noether–Petri general.
3An obstruction was also proposed in [36], the proof however seems flawed, see Remark 4.10.
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The above result should not be expected to hold for all [(f ∶ C → X,L)] ∈ J (or even
for all [(f ∶ C → X,L)] ∈ J with the general polarized K3 surface (X,L) kept fixed),
see [13, Thm. 0.1].
For the second question we again have a positive answer. For an integral nodal curve D,
we denote by J¯d(D) the compactified Jacobian of degree d, rank one, torsion-free sheaves
on D. In Section 5.2 we use moduli spaces of sheaves as in [64] to show:
Theorem 1.9. Let X be a projective K3 surface with Pic(X) ≃ ZL and (L ⋅ L) = 2g − 2.
Suppose D ∈ ∣L∣ is a rational, nodal curve. Then
W
r
d(D) ∶= {A ∈ J¯d(D) with h0(A) ≥ r + 1}
is either empty or is equidimensional of the expected dimension ρ(g, r, d).
As one may smoothen the nodes of a rational nodal curve D on a K3 surface to produce
a curve with an arbitrary number of nodes, the above result immediately gives the following
corollary:
Corollary 1.10. For any n ≥ 0, there is a component J ⊆ Vng such that if [(f ∶ C →X,L)] ∈J is general and D = f(C) then
W
r
d(D) ∶= {A ∈ J¯d(D) with h0(A) ≥ r + 1}
is either empty or is equidimensional of the expected dimension ρ(g, r, d).
In particular, if ρ(g, r, d) < 0, W rd(D) = ∅ for D as in the above corollary; indeed this is
well-known and follows from the arguments of [32, §3.2], [53, Cor. 1.4]. On the other hand, if
ρ(g, r, d) ≥ 0, then W rd(D) ≠ ∅ by deforming D to a smooth curve on X and semicontinuity.
We may summarize the above results as stating that there are no Brill–Noether obstruc-
tions for a curve to have a nodal model lying on a K3 surface. It would be interesting to find
non-abelian, rank two, Brill–Noether obstructions for a curve to have a nodal model lying
on a K3 surface, in analogy with the smooth case, [62], [2].
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2 Mukai’s theory for curves on K3 surfaces
In this section we will recall a construction of Mukai to construct loci Z ⊆ V0g such that for
x ∈ Z the fibre of η ∶ V0g →Mg over η(x) is zero-dimensional at x. The main point is that,
in some special cases, the data of a closed embedding of a smooth, genus 11 curve C in
a K3 surface X can be described purely in terms of C together with a special line bundle
A ∈W 16 (C). This will be our basic tool for studying the generic finiteness of the morphism
η ∶ T ng,k →Mp(g,k)−n. The main result in this section is Corollary 2.11.
Let g ≥ 5 be an integer, let 1 ≤ d1, d2, . . . , d8 < ⌊ g+12 ⌋ be integers, and consider first the
rank ten lattice Ωg with ordered basis {L,E,Γ1, . . . ,Γ8} and with intersection form given by:
• (L ⋅L) = 2g − 2
• (L ⋅E) = ⌊ g+1
2
⌋
• (E ⋅E) = 0
• (Γi)2 = −2 for 1 ≤ i ≤ 8
• (E ⋅ Γi) = 0 for 1 ≤ i ≤ 8
• (L ⋅ Γi) = di for 1 ≤ i ≤ 8
• (Γi ⋅ Γj) = 0 for i ≠ j, 1 ≤ i, j ≤ 8
It is easily seen that the above lattice has signature (1,9) and is even.
Lemma 2.1. Let g ≥ 6 be an integer and choose 1 ≤ d1, . . . , d8 < ⌊g+12 ⌋. There exists a K3
surface YΩg with Pic(YΩg) ≃ Ωg. Furthermore, for any such K3 we may choose the ordered
basis {L,E,Γ1, . . . ,Γ8} of Ωg in such a way that L − E is big and nef and with Γi and E
representable by smooth, integral curves for 1 ≤ i ≤ 8. Further there is a smooth rational
curve Γ̃i ∈ ∣E − Γi∣.
Proof. By the global Torelli theorem and from a result of Nikulin, the fact that this lattice has
signature (1,9) and is even implies that there exists a K3 surface YΩg with Pic(YΩg) ≃ Ωg, [56,
Cor. 1.9, Cor. 2.9] or [41, Cor. 14.3.1]. By performing Picard–Lefschetz reflections and a sign
change, we may assume that L−E is big and nef, since (L−E ⋅L−E) > 0, [5, Prop. VIII.3.9]
and [41, Cor. 8.2.11]. Next, (E ⋅ E)2 = 0 and (L − E ⋅ E) = ⌊g+1
2
⌋ > 0 which implies that
E is effective, [5, Prop. VIII.3.6(i)]. We now want to show that the general element of ∣E∣
is smooth and irreducible. By [65, Prop. 2.6] and the fact that E belongs to a basis of
Pic(YΩg) it is enough to show that ∣E∣ is base-point free. It is enough to show that E is
nef, [50, Lemma 2.3] or [41, Prop. 2.3.10].
So it suffices to show there is no effective divisor R with (R)2 = −2 and (E ⋅R) < 0, [5, Prop.
VIII.3.6]. Suppose for a contradiction that such an R exists. Write R = xL + yE +∑8i=1 ziΓi
for integers x, y, zi. As (E ⋅R) = x ⌊ g+12 ⌋ < 0 we have x < 0. Then (R − xL)2 = −2∑8i=1 z2i ≤ 0.
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However,
(R − xL)2 = −2 + x2(2g − 2) − 2x(L ⋅R)
= −2 + x2(2g − 2 − 2 ⌊g + 1
2
⌋) − 2x(L −E ⋅R)
> 0
for x < 0 and g ≥ 6. Thus ∣E∣ is an elliptic pencil.
Next Γ1 is effective, since (Γ1 ⋅L−E) > 0. We claim Γ1 is integral. Otherwise, there would
be an integral component R of Γ1 with (R ⋅ Γ1) < 0, since (Γ1)2 = −2. Further, (R)2 = −2,
since R is not nef. Write R = xL + yE +∑8i=1 ziΓi. We have (R ⋅ E) = x ⌊ g+12 ⌋ ≥ 0 so x ≥ 0.
Assume x ≠ 0. Then we have (R ⋅R+E) > 0 and (R +E)2 > 0 so R+E is big and nef, which
contradicts that (R +E ⋅ Γ1) = (R ⋅ Γ1) < 0. So x = 0. But then (R)2 = −2 gives ∑8i=1 z2i = 1,
and (R ⋅Γ1) = −2z1 < 0 so z1 = 1 and zi = 0, i > 1. Lastly, (R ⋅L) = d1 + y ⌊g+12 ⌋ ≥ 0 so we must
have y ≥ 0 (as d1 < ⌊ g+12 ⌋). Since R is a smooth and irreducible rational curve, we must then
have y = 0 and R = Γ1 (as the only effective divisor in ∣R∣ is integral). Thus Γ1 is integral.
Likewise, Γ2, . . . ,Γ8 are integral.
Next, Γ̃1 is effective, since (Γ̃1)2 = −2 and (Γ̃1 ⋅L−E) > 0. Let R be an integral component
of Γ̃1 such that (R ⋅ Γ̃1) < 0, (R)2 = −2. Writing R = xL+yE +∑8i=1 ziΓi, we see as above x = 0
and we must have z1 = −1 and zi = 0, i > 1. Since (R ⋅ L) = −d1 + y ⌊g+12 ⌋ ≥ 0 we must have
y ≥ 1 and then R ∼ Γ̃1 + (y − 1)E. Since R is integral, this forces R = Γ̃1.
Lemma 2.2. Let YΩg and {L,E,Γ1, . . . ,Γ8} be as in the previous lemma, and let YΩg → P1
be the fibration induced by E. If YΩg is a general Ωg-polarized K3 surface, then at least six
of the reducible singular fibres Γi + Γ̃i for 1 ≤ i ≤ 8 are of the type I2 (as opposed to the type
III). We choose indices such that Γi + Γ̃i is an I2 fibre for i ≥ 3.
Proof. As (xL + yE + ∑8i=1 ziΓi ⋅ E) = x(L ⋅ E), the elliptic fibration YΩg → P1 induced by
E has multisection index (L ⋅ E), in the sense of [47, §2]. Consider the Jacobian fibration
J(YΩg) → P1, which has isomorphic singular fibres to YΩg (see [18, Ch. 5], [28, Ch. 1.5]
and [41, §11.4] for the basic theory of Jacobian fibrations). Let Ω̃g be the lattice generated
by Ωg and
F ∶= E/(L ⋅E).
Then J(YΩg) is an element of the global moduli space MΩ̃g of Ω̃g-polarized K3 surfaces, [47,
Lemma 2.1] and [22, Def. p.1602]. A result of Mukai states that one may describe J(YΩg) as a
moduli space MH(v) of H-semistable sheaves on YΩg for a generic polarization H and Mukai
vector (0,E, (L ⋅E)); see [41, §11.4.2], [47, p. 2081], [58] (note that for H generic, MH(v) is
irreducible, [41, Cor. 10.3.5]). This construction can be done in families by [44, Thm. 4.3.7],
so there is a holomorphic map
φ ∶ U →MΩ̃g
(Y ′Ωg ,Ωg ↪ Pic(Y ′Ωg)) ↦ (J(Y ′Ωg), Ω̃g ↪ Pic(J(Y ′Ωg)))
defined in a Euclidean open subset U about (YΩg ,Ωg ↪ Pic(YΩg)) in the local moduli space
(or period domain) of marked Ωg-polarised K3 surfaces. The Tate–Sˇafarevicˇ group of J(YΩg)
8
is countable, [41, Rem. 11.5.12] (cf. [28, §1.5.3], [35, Cor. 2.2], [41, Prop. 11.5.6] and [45, Thm.
0.1]). In particular, this implies that the fibres of φ are zero-dimensional by [41, Cor. 11.5.5].
By Sard’s theorem, φ(U) contains a Euclidean open set. Thus it suffices to show that there
is a dense open set V ⊆ MΩ̃g with the property that for any (X, Ω̃g ↪ Pic(X)) ∈ V , the
fibration X → P1 induced by F has at least six I2 fibres.
Let T be the trivial lattice of J(YΩg) → P1, i.e. the lattice generated by F , any section σ
of J(YΩg) → P1 and the components of the reducible fibres which do not meet σ. We have
T ≃ h⊕ (−2)8,
where h denotes the hyperbolic lattice. By choosing the basis {L − gF,F,Γ1 − d1F, . . . ,Γ8 −
d8F}, we see Ω̃g is isometric to T , or equivalently, the Mordell–Weil group of J(YΩg) is
trivial, [66, Thm. 6.3]. Suppose (X, Ω̃g ↪ Pic(X)) ∈ MΩ̃g has the property that X → P1
induced by F has at least six I2 fibres. Then the same holds in a dense open set in each
component of MΩ̃g containing (X, Ω̃g ↪ Pic(X)) as the condition that a fibre be nodal is
Zariski open (i.e. for a flat, proper algebraic family of integral curves, the locus of non-nodal
curves is a Zariski closed subset of the base). Furthermore, the same clearly holds for the
complex conjugate Xc → P1. There are at most two components ofMΩ̃g , which locally on the
period domain are interchanged by complex conjugation, so this would complete the proof.
Thus it suffices to find such an elliptic K3 surface X → P1. From [68, Thm. 2.12]
(published in compressed form as [69]), there exists an elliptic K3 surface X → P1 with
section and torsion-free Mordell–Weil group such that X has 10 singular fibres of type A1,
each of which are either of type I2 or III. Using that the Euler number of III is 3, we find
that X can have at most 4 fibres of type III, and thus has at least 6 fibres of type I2, which
have Euler number 2 (as the sum of the Euler numbers of the singular fibres must be 24, the
Euler number of X). There is an obvious primitive embedding of T into the trivial lattice
of X such that 6 of the generators correspond to components of the I2 fibres avoiding the
section. As the Mordell–Weil group of X → P1 is torsion free, we have a primitive embedding
T ↪ Pic(X). This completes the proof.
Lemma 2.3. Let YΩg and {L,E,Γ1, . . . ,Γ8} be as in the previous lemma. If we assume
g > 7, then L −E is very ample (and hence L is also very ample).
Proof. Suppose the big and nef line bundle L−E is not very ample. Then there exists either
a smooth rational curve R ⊆ YΩg with (L−E ⋅R) = 0 or a smooth elliptic curve F ⊆ YΩg with
0 < (L − E ⋅ F ) ≤ 2 (or both exist), by [50, Thm. 1.1] (set k = 1 in Knutsen’s theorem and
note that L −E is primitive).
Assume firstly that R as above exists; we may write R = x1L+y1E+∑8i=1 z1,iΓi for integers
x1, y1, z1,i. We have
−2
8∑
i=1
z21,i = (R − x1L)2
= −2 + x21(2g − 2) − 2x1(L ⋅R)
= −2 + x21(2g − 2 − 2 ⌊g + 12 ⌋) − 2x1(L −E ⋅R).
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By the above equality, using that g ≥ 8 and (L −E ⋅ R) = 0, we find that x1 = 0 and there
exists some j such that z1,j = ±1, z1,i = 0 for i ≠ j. Then 0 = (L−E ⋅R) = ±dj + y1 ⌊g+12 ⌋ which
is impossible for 1 ≤ dj < ⌊g+12 ⌋.
So now suppose there is some smooth elliptic curve F ⊆ YΩg with 0 < (L −E ⋅F ) ≤ 2. We
may write F = x2L+ y2E +∑8i=1 z2,iΓi for integers x2, y2, z2,i. We have (F ⋅E) = x2(L ⋅E) and
hence x2 > 0 (as F ∉ ∣E∣). We calculate
−2
8∑
i=1
z22,i = (F − x2L)2
= x22(2g − 2) − 2x2(L ⋅ F )
= x2(x2((2g − 2) − 2 ⌊g + 1
2
⌋) − 2(L −E ⋅ F ))
which is impossible for g > 7, 0 ≤ (L−E ⋅F ) ≤ 2. Thus L−E is very ample. Using Knutsen’s
criterion again, and the fact that E is nef, we see that L is likewise very ample.
For the rest of the section we will assume g is odd. The following technical lemma will
be needed later in this section.
Lemma 2.4. Assume g ≥ 11 is odd and let YΩg and {L,E,Γ1, . . . ,Γ8} be as in Lemma 2.3.
Then L − 2E is not effective. Further (L − E)2 ≥ 8 and there exists no effective divisor F
with (F )2 = 0 and (F ⋅L −E) ≤ 3.
Proof. Suppose L−2E is an effective divisor and let D1, . . .Dk be its irreducible components.
Write Di = xiL+ yiE +∑8j=1 zi,jΓj for integers xi, yi, zi,j . Then 0 ≤ (Di ⋅E) = xi(L ⋅E) so that
xi ≥ 0 and ∑i xi = 1. Thus we may assume x1 = 1 and xi = 0 for all i ≥ 2. Now let D̃ be any
irreducible curve of the form aE +∑8j=1 bjΓj for integers a, bj and suppose D̃ ≠ Γj, ∀1 ≤ j ≤ 8.
Then 0 ≤ (D̃ ⋅ Γj) = −2bj so bj ≤ 0 for all j. Since (D̃)2 = −2∑8j=1 b2j ≥ −2 by [5, Prop. VIII
3.6], there is at most one bj such that bj ≠ 0, and in this case bj = −1. Suppose firstly that
all bj = 0. Then D̃ ∼ E, since D̃ is integral, and all effective divisors in ∣aE∣ are a sum of
a divisors in ∣E∣, [65, Prop. 2.6(ii)]. Next suppose bj = −1. Then D̃ = aE − Γj and a ≥ 1
since a is effective. Thus D̃ = Γ̃j + (a − 1)E and (D̃)2 = −2, which implies a = 1 since D̃ is
a smooth and irreducible rational curve (as the unique effective divisor in the linear system∣D̃∣ is integral).
Thus if i ≥ 2, Di is either E, Γj or Γ̃j , for some j. Since ∑iDi = L − 2E, we see
D1 = L−(2+m′)E−∑8j=1 n′1,jΓj−∑8j=1 n′2,jΓ̃j for nonnegative integersm′ and n′1,j, n′2,j , 1 ≤ j ≤ 8.
Since E = Γj + Γ̃j , we may rewrite D1 in the form D1 = L − (2 +m)E −∑8j=1(n1,jΓj + n2,jΓ̃j),
where m, n1,j , n2,j are nonnegative integers and if n1,j1 ≠ 0 for some j1 then n2,j1 = 0, and
likewise if n2,j2 ≠ 0 then n1,j2 = 0. But then one computes
(D1)2 = (L − 2E − (mE + 8∑
j=1
n1,jΓj + n2,jΓ̃j))2
= −4 − 2
8∑
j=1
(n21,j + n22,j) − 2(L ⋅mE + 8∑
j=1
n1,jΓj + n2,jΓ̃j)
≤ −4
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which is a contradiction (since (D)2 ≥ −2 for any integral curve D). This proves that L−2E
is non-effective.
We have (L−E)2 = g−3 ≥ 8 for g ≥ 11. For g ≥ 11 and a′ > 0 one has (g−3)a′−6 > 0. From
the proof of Lemma 2.3, this implies there is no effective F with (F )2 = 0 and (F ⋅L −E) ≤
3.
For any smooth curve C and M ∈ Pic(C) with deg(M) = d and h0(M) = r + 1, let
ν(M) ∶= d − 2r. The Clifford index of C is defined by
ν(C) ∶=min{ν(M) ∣M ∈ Pic(C) with deg(M) ≤ g − 1, h0(M) ≥ 2}.
Clifford’s Theorem states that ν(C) ≥ 0 and ν(C) = 0 if and only if C is hyperelliptic.
Lemma 2.5. Let D ∈ Ωg be an effective divisor with (D)2 ≥ 0, and assume L−D is effective
and (L −D)2 > 0. Then D = cE for some integer c ≥ 0.
Proof. Write D = xL+yE+∑8i=1 ziΓi for integers x, y, zi. One has 0 ≥ (D−L⋅E) = (x−1)(L⋅E)
so that x ≤ 1. On the other hand 0 ≤ (D ⋅E) = x(L ⋅E) so that x ≥ 0. Thus x = 0 or x = 1.
Suppose firstly that x = 1. Then 0 < (D − L)2 = −2∑8i=1 z2i which is a contradiction. Hence
x = 0. Then 0 ≤ (D)2 = −2(∑8i=1 z2i ) and so zi = 0 for all i, as required.
Lemma 2.6. Let g ≥ 11 be odd, let YΩg and {L,E,Γ1, . . . ,Γ8} be as in Lemma 2.4 and let
C ∈ ∣L∣ be a smooth curve. Then ν(C) = g+1
2
− 2.
Proof. Consider the line bundle A ∶= OC(E). We have h0(A) = 2, since h1(L − E) = 0
by Kodaira’s vanishing theorem. As deg(A) = g+1
2
, we see ν(C) ≤ g+1
2
− 2. Suppose for a
contradiction that ν(C) < g+1
2
− 2. From [50, Lem. 8.3], there is a smooth and irreducible
curve D ⊆ YΩg with 0 ≤ (D)2 < ν(C) + 2, 2(D)2 < (D ⋅L) and ν(C) = (D ⋅L) − (D)2 − 2 (the
sharp inequalities here are due to the fact that L is primitive). We have
(D −L ⋅D) = (D)2 − (D ⋅L) = −2 − ν(C) ≤ −2
and (D −L)2 = −6 − 2ν(C) − (D)2 + 2g > −8 − 3ν(C) + 2g ≥ 0,
as ν(C) ≤ g+1
2
− 2 and g ≥ 7. Hence L −D is effective and D = cE for some c ≥ 0 by Lemma
2.5. As D is represented by a smooth curve, we must have D = E. But then
ν(C) = (E ⋅L) − (E)2 − 2 = g + 1
2
− 2,
giving a contradiction.
Lemma 2.7. Assume g ≥ 11 is odd and let YΩg be a K3 surface with Pic(YΩg) ≃ Ωg as in
Lemma 2.4. Let M ∈ Ωg be an effective line bundle on YΩg satisfying
• 0 ≤ (M)2 < g+1
2
• 2(M)2 < (M ⋅L)
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•
g+1
2
= (M ⋅L) − (M)2.
Then M = E.
Proof. The above inequalities give (M −L ⋅M) < 0 and
(M −L)2 = (M)2 + 2g − 2 − 2((M)2 + g + 1
2
) > 0
as (M)2 < g+1
2
≤ g − 3 for g ≥ 7. Thus M = cE for c > 0 by Lemma 2.5. The equation
g+1
2
= (M ⋅L) − (M)2 gives c = 1.
Lemma 2.8. Let g ≥ 11 be odd and let YΩg and {L,E,Γ1, . . . ,Γ8} be as in Lemma 2.4 and
let C ∈ ∣L∣ be a smooth curve. Suppose A ∈ Pic(C) has h0(A) = 2 and deg(A) = g+1
2
. Then
A ≃ E∣C .
Proof. Let A ∈ Pic(C) with h0(A) = 2 and deg(A) = g+1
2
. In particular, ν(A) = ν(C). Then
by [23, Thm. 4.2], there is some effective divisor D ⊆ YΩg such that that (D ⋅L) ≤ g−1, L−D
is effective, dim ∣D∣ ≥ 1, D∣C achieves the Clifford index on C and such that there exists a
reduced divisor Z0 ∈ ∣A∣ of length g+12 with Z0 ⊆D∩C. Further from the proof of [23, Lemma
4.6] and the paragraph proceeding it, we see g+1
2
= (D ⋅L)−(D)2, using that ν(D∣C) = g+12 −2
by hypothesis. It then follows that all the conditions of Lemma 2.7 are satisfied, so that
D ∈ ∣E∣. As (E ⋅C) = g+1
2
and Z0 is reduced of length
g+1
2
, we have Z0 = D∩C. Thus Z0 ∈ ∣E∣C ∣
which forces A ≃ E∣C .
The following lemma may be extracted from work of Mukai, cf. [61, §3], [60, Lem. 2]
(although it never appears in this precise form). Despite the simple proof, this lemma is
actually rather fundamental, since it gives an example of a K3 surface S and a divisor D ⊆ S
such that the K3 surface S can be reconstructed merely from the curve D together with a
special divisor A ∈ Pic(D).
Lemma 2.9 (Mukai). Let g ≥ 11 be odd and let S be a K3 surface with L,M ∈ Pic(S) such
that L2 = 2g − 2, M2 = 0 and (L ⋅M) = g+1
2
. Let D ∈ ∣L∣ be smooth and set A ∶=M∣D . Further,
let A† = (L −M)∣D be the adjoint of A and set k ∶= h0(A†) − 1. Assume L −M is very ample
and that there is no integral curve F ⊆ S with (F )2 = 0 and (F ⋅L−M) = 3. Assume further
that M is represented by an integral curve and that L − 2M is not effective. Then A† is
very ample, and S is the quadric hull of the embedding φA† ∶ D ↪ Pk induced by A†. In
particular, the linear system ∣L∣ contains only finitely many curves D′ such that we have an
isomorphism φ ∶ D′ ≃D with φ∗A ≃M∣D′ .
Proof. As there exists an integral curve in ∣M ∣, we know h1(M) = 0. From the exact sequence
0→M∗ → L⊗M∗ → A† → 0
we see that restriction induces an isomorphism H0(S,L ⊗M∗) ≃ H0(D,A†), which implies
that A† is very ample (as L ⊗M∗ is) and that φA† ∶ D ↪ Pk is the composition of D ↪ S
and φL−M ∶ S ↪ Pk. Now let Q ⊆ Pk be a quadric containing φA†(D). Then we claim that Q
contains S. Indeed, otherwise there is some effective divisor T ⊆ S such that D + T = Q ∩ S
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so that D + T ∈ ∣2L− 2M ∣. But then T ∈ ∣L − 2M ∣, contradicting that L − 2M is not effective
by assumption. Thus the quadric hull of φA†(D) coincides with the quadric hull of S ↪ Pk.
But the quadric hull of S is simply S from [65, Thm. 7.2]. The assumption g ≥ 11 is needed
to ensure (L −M)2 ≥ 8 which is required in Saint-Donat’s theorem (note that since L −M
is very ample by assumption it is not hyperelliptic in the sense of [65, §4.1, Thm. 5.2]).
Finally, by the argument above, we have that, for any curve D′ ∈ ∣L∣ such that there exists
an isomorphism φ ∶D′ ≃D with φ∗A ≃M∣D′ , there is an automorphism f ∶ S → S induced by
an automorphism of Pk such that f(D′) =D. Since S is a K3 surface, we deduce that there
are only finitely many such D′.
Putting all the pieces together, we have the following proposition:
Proposition 2.10. Let g ≥ 11 be odd. Let T be a smooth and irreducible scheme with
base point 0 ∈ T . Let Z → T be a flat family of K3 surfaces together with an embedding
φ ∶ Z ↪ T × Pg. Assume φ0 ∶ Z0 → Pg is the embedding YΩg → Pg induced by ∣L∣, where
YΩg is as in Lemma 2.4. Let H ⊆ P
g be a hyperplane and C ∶= H ∩ YΩg a smooth curve.
Assume that for all t ∈ T , we have a smoothly varying family of hyperplanes Ht with H0 =H
and Zt ∩ Ht ≃ C. Then for t ∈ T general there is an isomorphism ψt ∶ Zt ≃ YΩg and an
automorphism ft ∈ Aut(Pg) such that ft ○ φt = φ0 ○ ψt. Furthermore, ft sends Ht to H.
Proof. For t ∈ T general we have a primitive embedding j ∶ Pic(Zt) ↪ Pic(YΩg) with
j(OZt(1)) = L. By hypothesis, each fibre Zt contains a curve isomorphic to C which
has Clifford index g+1
2
− 2 by Lemma 2.6. By [50, Lem. 8.3] there is some smooth and
irreducible divisor M ′ ∈ Pic(Zt) satisfying 0 ≤ (M ′)2 < g+12 , 2(M ′)2 < (M ′ ⋅ OZt(1)) and
g+1
2
= (M ′ ⋅ OZt(1)) − (M ′)2. As in the proof of Lemma 2.6, these conditions ensure thatOZt(1)−M ′ is effective. Moreover, M ∶= j(M ′) satisfies the conditions of Lemma 2.7, so that
M = E. Thus (M ′)2 = 0 and hence M ′ is a smooth elliptic curve. By lemmas 2.3 and 2.4,
L−E is very ample, (L−E)2 ≥ 8, L−2E is not effective and there exists no effective F with(F )2 = 0 and (F ⋅L −E) = 3; thus the same holds for OZt(1) −M ′ ∈ Pic(Zt) for t close to 0.
Thus by Lemma 2.9 and since (OZt(1) −M ′)∣C ≃KC(E∗∣C) by Lemma 2.8 we have Zt ≃ YΩg .
Furthermore, the embedding C ↪ Zt is identified under this isomorphism with the natural
embedding of C into the quadric hull of the embedding φKC(E∗∣C )
∶ C ↪ Pk. In particular, the
embedding is independent of t (up to the action of projective transformations on Pg). Thus
for the general t there is some ft ∈ Aut(Pg) = Aut(∣L∣) with ft(Zt) = YΩg ⊆ Pg such that ft
sends Ht to H .
As a direct consequence we have the following corollary.
Corollary 2.11. Let g ≥ 11 be odd and let YΩg and {L,E,Γ1, . . . ,Γ8} be as in Lemma 2.4
and let C ∈ ∣L∣ be a smooth curve. Then the fibre of the morphism η ∶ T 0g →Mg over [C] is
zero-dimensional at [(i ∶ C ↪ YΩg ,L)].
Remark 2.12. In fact, η ∶ T 0g →Mg is birational onto its image for g ≥ 11, g ≠ 12, [14]. Also
see [62, §10], [2] for an approach in the odd genus case which more closely resembles the
above.
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3 Generic finiteness of the morphism η
In this section we will investigate the generic finiteness of the morphism of stacks
η ∶ T ng,k →Mp(g,k)−n
defined by sending [(f ∶ B → X,L)] to [B]. Then η can be extended to a morphism of stacks
Wng,k →Mp(g,k)−n,
by sending a pair [(f ∶ B → X,L)] to [Bˆ], where Bˆ denotes the stabilization of the nodal
curve B; this works in families from the proof of [49, Prop. 2.1](see also [29, §1.3]). By abuse
of notation we will continue to denote this extension by η.
We start by recalling the basic deformation theory of stable maps. For the construction of
Wng,k as a Deligne–Mumford stack and its elementary deformation theory, we recommend [1,
§10]. The following is [46, Prop. 4.1]. Also see [43, §2] and [52, Thm. 2.4, Rem. 3.1]:
Proposition 3.1. Each component of Wng,k has dimension at least p(g, k) − n + 19.
The criterion below has been used several times in the literature, see [8], [43].
Proposition 3.2. Let [(f ∶ B →X,L)] ∈Wn
g,k
represent an unramified stable map such that
h0(Nf) ≤ p(B), where p(B) = p(g, k) − n denotes the arithmetic genus of B. Then for every
irreducible component J ⊆ Wng,k containing [(f ∶ B → X,L)] the projection π ∶ J → Bg is
dominant.
Proof. The fibre π−1([(X,L)]) may be identified with the space of stable maps into the
fixed surface X , and thus each component of π−1([(X,L)]) containing [(f ∶ B → X,L)] has
dimension at most h0(Nf) ≤ p(B), [67, §3.4.2]. Thus dimπ(J) = dimBg, so π ∶ J → Bg is
dominant (note that this also forces the equality h0(Nf) = p(B)).
The following is a generalization of [43, Prop. 2.3]. 4
Lemma 3.3. Let f ∶ B → X be an unramified morphism from a connected nodal curve
to a K3 surface, and let Nf denote the normal bundle of f . Assume that the irreducible
components Z1, . . . ,Zs of B are smooth. Assume further that we may label the components
such that ⋃ji=1Zi is connected for all j ≤ s. Then h0(Nf) ≤ p(B), where p(B) denotes the
arithmetic genus of B.
Proof. We will prove this by induction on s. If B is irreducible, then by assumption B is
smooth, so we have a short exact sequence of vector bundles
0→ TB → f∗TX →Nf → 0
and taking determinants gives Nf ≃ ωB. Thus h0(Nf) = h0(ωB) = p(B). Now let T ∶=
B ∖Zs = ⋃s−1i=1 Zi; this is connected by assumption. Let {p1, . . . , pr} = Zs∩T . We have a short
exact sequence
0→ Nf ∣T (−p1 − . . . − pr)→ Nf → Nf ∣Zs → 0.
4There is a minor mistake in the proof of [43, Prop. 2.3]; the claimed isomorphism ΩD∣Dn
≃ O(−1) should
be replaced with det(ΩD∣Dn
) ≃ O(−1), as the sheaf ΩD∣Dn
is not torsion free.
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If A ⊆ B is a connected union of components, and fA ∶= f∣A, Y ∶= A∩(B ∖A), then NfA(Y ) =
Nf ∣A , from [33, §2]. Thus
h0(Nf) ≤ h0(NfT ) + h0(ωZs(p1 + . . . + pr)).
By induction, h0(NfT ) ≤ p(T ), and further h1(ωZs(p1 + . . . + pr)) = h0(OZs(−p1 . . . − pr)) = 0,
so Riemann–Roch gives h0(ωZs(p1 + . . . + pr)) = p(Zs) + r − 1. Thus the claim follows from
p(B) = p(T ) + p(Zs) + r − 1.
Remark 3.4. It follows from the proof that the above result may be generalized as follows.
Suppose f ∶ B → X be an unramified morphism from a connected nodal curve to a K3
surface, and B = ⋃si=1Zi where Z1 is connected, but not necessarily irreducible or smooth,
and with Z2, . . . ,Zs smooth (and with s > 1). Assume ⋃ji=1Zi is connected for all j ≤ s, and
h0(Nf1) ≤ p(Z1), where f1 ∶= f∣Z1 . Then h0(Nf) ≤ p(B).
We now need the following result on simultaneous normalization of families of singular
curves, which in this generality is usually attributed to Raynaud, generalising the results of
Teissier, [70]. For modern treatments and further generalisations, see [12], [51, Thm. 12].
Proposition 3.5 (Teissier, Raynaud). Let B be a normal, integral scheme of finite-type over
C, and let
f ∶ C1 → B
be a projective, flat family of relative dimension one with reduced fibres. Then there exists
a simultaneous resolution of f , i.e. a flat family f ′ ∶ C2 → B of relative dimension one with
normal fibres, together with a finite map h ∶ C2 → C1 such that f ○ h = f ′ and the restriction
morphism
hb ∶ C2,b → C1,b
is the normalization map for each fibre over b ∈ B.
Lemma 3.6. Let f ∶ B → X be an unramified morphism from an integral, nodal curve B to
a K3 surface, with [(f ∶ B → X,L)] ∈ Wng,k and assume that f is birational onto its image.
Then [(f ∶ B →X,L)] lies in the closure of T ng,k.
Proof. Suppose there was a component of J of Wng,k containing [(f ∶ B → X,L)] such that
if [(f ′ ∶ B′ → X ′,L′)] is general, then B′ is nodal with at least m > 0 nodes. Replace J
with the dense open subset parametrizing unramified maps, which are birational onto the
image and such that the base B′ is integral with exactly m nodes. Composing f ′ with the
normalization B̃ → B′ gives an unramified stable map h ∶ B̃ → X ′; thus we have a map
G ∶ J(C) → T n+mg,k (C) between the sets of closed points of the respective stacks. The fact
that f is birational onto its image implies that for a general y ∈ Im(G), G−1(y) is a finite
set. Indeed, if y corresponds to the stable map h ∶ B̃ → X ′, then any element of G−1(y)
corresponds to an unramified stable map h′ ∶ D → X ′, birational onto its image, where D is
integral and has exactly m nodes and the normalization of D is B̃. Further, if µ ∶ B̃ → D is
the normalization morphism, then h′ ○ µ = h, by definition of G. As h′ is birational onto its
image, the set
Z ∶= {z ∈ B̃ ∣ There exists y ≠ z ∈ B̃ with h(z) = h(y)}
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is finite. Since h′ is obtained from h by glueing m pairs of points in Z, there are only finitely
many possibilities for h′.
We claim that, at least after a finite base change, G is locally induced by a morphism
of stacks. After replacing J with an etale cover, we may assume it comes with a universal
family. Let J ′ → J be the normalization of J . Pulling back the universal family on J gives a
family of stable maps over J ′. In particular, we have a flat family B → J ′ of nodal curves with
exactly m nodes specializing to B′. Applying Proposition 3.5, we may simultaneously resolve
the m nodes of the fibres of B to produce a family B̃ → J ′ of smooth curves, together with a
morphism B̃ → B restricting to the normalization over each point in J ′. By composing with
the universal family of stable maps B → X , where X is a family of K3 surfaces, we produce
a family of stable maps B̃ → X over J ′. By the universal property of T n+mg,k , this produces a
morphism of Deligne–Mumford stacks J ′ → T n+mg,k which coincides with the composition G′
of G with J ′ → J on the level of closed points. As this morphism is generically finite onto
its image, the dimension of T n+mg,k is at least dimJ ′ = dimJ ≥ p(B)+19. But T n+mg,k is smooth
of dimension p(B) −m + 19, so this is a contradiction.
Proposition 3.7. Let [(f ∶ B →X,L)] ∈Wng,k represent an unramified stable map such that
h0(Nf) ≤ p(B), where p(B) = p(g, k)−n. Assume furthermore that there is no decomposition
B =
t⋃
i=1
Bi
for t > 1 with each Bi a connected union of irreducible components of B such that Bi and
Bj meet transversally (if at all) for all i ≠ j and such that for all 1 ≤ i ≤ t, f∗(Bi) ∈ ∣miL∣
for a positive integer mi > 0 (this is automatic if k = 1). Lastly, assume that there is some
component Bj such that f∣Bj is birational onto its image, and if Bi ≠ Bj is any component,
f(Bi) and f(Bj) intersect properly. Then [(f ∶ B →X,L)] lies in the closure of T ng,k.
Proof. We need to show that we may deform [(f ∶ B → X,L)] to an unramified stable map
[(f ′ ∶ B′ → X ′,L′)] with B′ irreducible and smooth. We will firstly show that [(f ∶ B →
X,L)] deforms to a stable map with irreducible base.
From Proposition 3.2, π ∶ Wng,k → Bg is dominant near [(f ∶ B → X,L)]. Thus we
may deform [(f ∶ B → X,L)] to an unramified stable map [(f ′ ∶ B′ → X ′,L′)], where
Pic(X ′) ≃ ZL′. For any irreducible component Z ⊆ B′, f ′∗(Z) ∈ ∣aiL′∣ for some integer
ai > 0. Given any one-parameter family γ(t) = [(ft ∶ Bt → Xt,Lt)] of stable maps with
γ(0) = [(f ∶ B →X,L)], then, by the Zariski connectedness theorem, after performing a finite
base change about 0 if necessary the irreducible components of Bt for generic t deform to a
connected union of irreducible components of B as t → 0. Thus the condition on B ensures
that [(f ∶ B → X,L)] deforms to an unramified stable map of the form [(f ′ ∶ B′ → X ′,L′)]
with B′ integral and nodal.
We will next show that [(f ∶ B → X,L)] deforms to an unramified stable map of the
form [(f ′ ∶ B′ → X ′,L′)] with B′ integral and such that f ′ is birational onto its image. By
Lemma 3.6, this will complete the proof. Let S be a smooth, irreducible, one-dimensional
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scheme with base point 0, and suppose we have a diagram
B g˜ //
pi1

❅
❅
❅
❅
❅
❅
❅
❅
X
pi2

S
with g˜ proper, π1, π2 flat and with g˜s ∶ Bs → Xs an unramified stable map to a K3 surface
for all s, with g˜0 = f and such that Bs is integral for s ≠ 0. There is an an S-flat line bundle
L on X , with L0 = kL and that the cycle g˜∗(B) ∼ L is a relatively effective (Cartier) divisor.
So the cycle g˜∗(B) may be considered as an S-relatively effective divisor B¯ ⊆ X . By the
assumptions on f = g˜0, the irreducible surface B¯ is reduced on a dense open subset meeting
f(Dj), which forces g˜s to be birational for s near 0 (as if deg(g˜s) = d, B¯s = dg˜s(Bs)).
We next aim to reduce the study of generic finiteness of η to that of η for m >> n.
Lemma 3.8. Let n ≤ m with p(g, k) −m > 0. Assume that there is a component Im ⊆ T mg,k
such that
η∣Im ∶ Im →Mp(g,k)−m
is generically finite and assume that for the general [f ∶ B → X] ∈ Im, B is non-trigonal.
Then there exists a component In ⊆ T ng,k such that
η∣In ∶ In →Mp(g,k)−n
is generically finite. For the general [f ′ ∶ C → Y ] ∈ In, C is non-trigonal.
Proof. Let [(f ∶ B → X,L)] ∈ Im be a general point. By [21, Thm. B], f(B) is a nodal curve
(with precisely m nodes). Thus there is an integral, nodal curve B′ with m − n nodes with
normalization µ ∶ B → B′ such that f factors through a morphism g˜ ∶ B′ →X . The fibre of η
over the stable curve [B′] ∈Mp(g,k)−n is zero-dimensional near [(g˜, L)] as otherwise we could
compose with µ to produce a one dimensional family near [(f ∶ B →X,L)] in the fibre of η
over [B]. Since [(g˜, L)] lies in the closure of T n
g,k
by Lemma 3.6, we see that there exists a
component In ⊆ T ng,k such that
η∣In ∶ In →Mp(g,k)−n
is generically finite. As the normalization of B′ is non-trigonal by assumption, B′ must lie
outside the image of
H3,p(g,k)−n →Mp(g,k)−n,
in the notation of [38, Thm. 3.150]. Thus, for the general [f ′ ∶ C → Y ] ∈ In, C is non-
trigonal.
The following proposition gives a criterion for generic finiteness of the morphism
η ∶ T ng,k →Mp(g,k)−n
on one component I. The idea is to assume we have an unramified map f0 ∶ C0 → X
representing a point in Wn′g′ such that finiteness of the moduli map holds near the point
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representing f0. If we then build a new morphism f ∶ C0∪P1 → X by finding a rational curve
f(P1) in X , and if we further assume C0 ∪ P1 is a stable curve (i.e. P1 intersects C0 in at
least three points), then by rigidity of rational curves in X , one sees easily that finiteness of
η holds near the point representing f in Wng,k, where n, k are such that f represents a point
in Wng,k.
Proposition 3.9. Assume there exists a polarized K3 surface (X,L) and an unramified
stable map f ∶ B → X with f∗(B) ∈ ∣kL∣. Assume:
1. [(f ∶ B →X,L)] lies in the closure of T ng,k.
2. There exists an integral, nodal component C ⊆ B of arithmetic genus p′ ≥ 2 such that
f∣C is an unramified morphism j ∶ C → X, birational onto its image. Let k′ be an
integer such that there is a big and nef line bundle L′ on X with j∗(C) ∈ ∣k′L′∣, and let
g′ = 1
2
(L′)2 + 1.
3. The fibre of the morphism η ∶Wn′g′,k′ →Mp′ over [C] is zero-dimensional near [(j ∶ C →
X,L′)], where n′ = p(j(C)) − p′.
4. If C˜ is the normalization of C, then C˜ is non-trigonal.
5. If D ⊆ B is a component, D ≠ C, then D has geometric genus zero.
6. The stabilization morphism B → Bˆ is an isomorphism in an open subset U ⊆ B such
that C ⊆ U .
Then there exists a component I ⊆ T ng,k such that η∣I is generically finite and [(f ∶ B →X,L)]
lies in the closure of I ⊆Wng,k. For the general [f ′ ∶ B′ →X ′] ∈ I, B′ is non-trigonal.
Proof. We have a morphism η ∶ Wng,k → Mp(g,k)−n. By assumption 1, it suffices to show
η−1([Bˆ]) is zero-dimensional near [(f ∶ B → X,L)]. Let S be a smooth, irreducible, one-
dimensional scheme with base point 0, and suppose we have a commutative diagram
B g˜ //
pi1

❅
❅
❅
❅
❅
❅
❅
❅
X
pi2

S
with g˜ proper, π1, π2 flat and with g˜s ∶ Bs → Xs an unramified stable map to a K3 surface
for all s, with g˜0 = f . Further assume Bˆs ≃ Bˆ. For any s ∈ S, we have open subsets Us ⊆ Bs,
Vs ⊆ Bˆ with the stabilization map inducing isomorphisms Us ≃ Vs and such that Bˆ ∖ Vs has
zero-dimensional support. By assumption 6, C ⊆ V0, and thus for s near 0, C ⊆ Vs ≃ Us.
Thus, after performing a finite base change about 0 ∈ S, there exists an irreducible component
C ⊆ B, such that Cs ≃ C, for all s near 0. We have a commutative diagram
C h //
pi1∣C

❄
❄
❄
❄
❄
❄
❄
❄
X
pi2

S
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where π1 ∣C is flat and h ∶= g˜∣C . Since h0 = j, assumption 3 gives Xs ≃ X and hs = j for all s. In
particular, g˜s is a one-dimensional family of unramified morphisms into a fixed K3 surface.
From assumption 5, the fact that rational curves on a K3 surface are rigid and since g˜s is
unramified, we conclude that Bs ≃ B and g˜s ∶ B → X is independent of s. Thus η−1(Bˆ)
is zero-dimensional near [(f ∶ B → X,L)]. Hence there exists a component I ⊆ T ng,k such
that η∣I is generically finite and [(f ∶ B → X,L)] lies in the closure of I ⊆ Wng,k. Since C˜ is
non-trigonal, the stabilization Bˆ must lie outside the image of
H3,p(g,k)−n →Mp(g,k)−n.
Thus, for the general [f ′ ∶ B′ → X ′] ∈ I, B′ is non-trigonal.
We will apply the above criterion to prove generic finiteness of η on one component, for
various bounds on p(g, k) − n. We first consider the case k = 1. To begin, we will need an
easy lemma. Let p > h ≥ 8 be integers, and let l,m be nonnegative integers with
p − h = ⌊h + 1
2
⌋ l +m
and 0 ≤m < ⌊h+1
2
⌋. Define:
s1 ∶=
⎧⎪⎪⎨⎪⎪⎩
p − h − 1, if m = 0 or m = ⌊h+1
2
⌋ − 1
p − h + 1, otherwise.
Let Pp,h be the rank three lattice generated by elements {M,R1,R2} and with intersection
form given with respect to this ordered basis by:
⎛⎜⎝
2h − 2 s1 3
s1 −2 0
3 0 −2
⎞⎟⎠ .
The lattice Pp,h is even of signature (1,2).
Lemma 3.10. Let p > h ≥ 8. There exists a K3 surface Sp,h with Pic(Sp,h) ≃ Pp,h as above
such that the classes M,R1,R2 are each represented by integral curves and with M very
ample. If h is odd and at least 11, then for D ∈ ∣M ∣ general the fibre of η ∶ T 0h → Mh is
zero-dimensional at [(i ∶ D ↪ Sp,h,M)] and D is non-trigonal. Furthermore, any divisor of
the form −xM + yR1 + zR2 for integers x, y, z with x > 0 is not effective.
Proof. Consider the K3 surface YΩh from Lemma 2.1. We choose d1 ∶= (L ⋅ Γ1) to be m + 1
if 0 < m < ⌊h+1
2
⌋ − 1 and d1 = ⌊h+12 ⌋ − 1 if m = 0 and d1 = ⌊h+12 ⌋ − 2 if m = ⌊h+12 ⌋ − 1. Further
set d2 = 3 and let all other di be arbitrary integers in the range 1 ≤ di < ⌊h+12 ⌋. We define a
primitive embedding j ∶ Pp,h ↪ Ωh as follows. If m = 0 (so that l ≥ 1 as p > h), we define the
embedding via M ↦ L, R1 ↦ (l − 1)E + Γ1, R2 ↦ Γ2. If m ≠ 0 we define the embedding via
M ↦ L, R1 ↦ lE + Γ1, R2 ↦ Γ2. Let MPp,h be the moduli space of ample, Pp,h-polarized K3
surfaces, [22, Def. p.1602]. The moduli space MPp,h has dimension 17 = 19−2, [22, Prop. 2.1].
Let M1 be a component containing the ample, Pp,h-polarized K3 surface [YΩh]. Then the
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general point of M1 represents a projective K3 surface Sp,h with Pic(Sp,h) ≃ Pp,h, [56, Cor.
1.9, Cor. 2.9]. Further, M,R2 are each represented by integral curves and M is very ample
by Lemmas 2.1 and 2.3. If h is odd and at least 11, the statement about the fibres of η
follows from Corollary 2.11 by semicontinuity, and the non-trigonality follows from Lemma
2.6.
We now claim that any divisor of the form −xM +yR1+zR2 for integers x, y, z with x > 0
is not effective. By degenerating Sp,h to YΩh as above, it suffices to show that −xL+yj(R1)+
zΓ2 ∈ Pic(YΩh) is not effective. But this is clear, since the rank ten lattice Pic(YΩh) contains
the class of a smooth, integral, elliptic curve E with (E ⋅ −xL+yj(R1)+zΓ2) = −x(E ⋅L) < 0.
The −2 class R1 is effective since (R1)2 = −2, (R1 ⋅M) > 0. It remains to show that R1
is integral. Let D be any integral component of R1 with (D)2 = −2, (D ⋅R1) < 0. Writing
D = xM + yR1 + zR2 we see that x = 0 (as R1 −D is effective). Thus (D ⋅ R1) < 0 implies
y > 0 and −2 = (D)2 = −2(y2 + z2) forces z = 0; thus D = R1 is integral.
We can now prove Theorem 1.1:
Proof of Theorem 1.1. For g ≥ 11 and n ≥ 0, we let 0 ≤ r(g) ≤ 5 be the unique integer such
that g − 11 = ⌊ g−11
6
⌋6 + r(g). Set lg ∶= 12 if r(g) = 0, lg ∶= 13 if 1 ≤ r(g) < 5 and lg ∶= 15 if
r(g) = 5. We want to show that there is a component I ⊆ T ng such that
η∣I ∶ I →Mg−n
is generically finite for g − n ≥ lg. Furthermore, we will prove that for the general [f˜ ∶ C ′ →
X ′] ∈ I, C ′ is non-trigonal.
From Lemma 3.8 it suffices to prove the result for the maximal value of n. Assume
g −n = lg if r(g) ≠ 0 and g −n = 15 if r(g) = 0. Set p = g, h = 11 and consider the lattice Pg,11
and K3 surface Sg,11 from Lemma 3.10. Set ǫ = 1 if r(g) = 0 or r(g) = 5 and ǫ = 0 otherwise.
Then (M +R1+ǫR2)2 = 2g−2 andM +R1+ǫR2 is ample. Let D ∈ ∣M ∣ be general and consider
the curve D1 = D ∪R1 ∪ ǫR2 where all intersections are transversal. Choose any subset of
s1 −3 distinct points of D∩R1 and let f ∶ B → D1 be the partial normalization at the chosen
points. Then B has arithmetic genus lg if r(g) ≠ 0 and genus 15 if r(g) = 0. Further, f
satisfies the conditions of Proposition 3.9. Then there is a component I ⊆ T ng such that
η∣I ∶ I →Mg−n
is generically finite for g − n ≥ lg if r(g) ≠ 0 and for g − n ≥ 15 if r(g) = 0. For the general[f ∶ C → X] ∈ I, C is non-trigonal.
We now wish to improve the bound in the case r(g) = 0. Recall from Section 2 the lattice
Ω11 with ordered basis {L,E,Γ1, . . . ,Γ8}. Thus the general C ∈ ∣L∣ is a smooth, genus 11
curve and (L ⋅ E) = 6. Note that Γ̃i ∼ E − Γi is a class satisfying (Γ̃i)2 = −2, (Γ̃i ⋅ E) = 0,
(Γ̃i ⋅Γi) = 2. From Lemma 2.1, Γ̃i is represented by an integral class. Further Γ̃i +Γi is an I2
singular fibre of ∣E∣ for any i ≥ 3. We will denote by xi and yi the two nodes of Γ̃i + Γi.
Set m ∶= ⌊g−11
6
⌋ and assume r(g) = 0. Consider the primitive, ample line bundle H ∶=
L+⌊ g−11
6
⌋E, which satisfies (H)2 = 2g−2. Let C ∈ ∣L∣ be a general smooth curve which meets
Γ1 transversally. Let B be the abstract curve which is the union of C with 2m copies of P1
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as in the diagram below.
. . .
C
R1,1
p
q
R1,2
R2,1
R2,2
Rm,1
Rm,2
Thus B = C ∪R1,1 ∪R1,2 . . . ∪Rm,1 ∪Rm,2, where each Ri,j is smooth and rational, all inter-
sections are transversal and described as follows for m ≥ 2: Ri,j ∩C = ∅ unless (i, j) = (1,1),
R1,1 intersects C in one point, and Ri,j intersects Rk,l in at most one point, with intersections
occuring if and only if, after swapping Ri,j and Rk,l if necessary, we have (i = k and l = j +1),
(k = i + 1 and l ≠ j) or ((i, j) = (1,1) and (j, k) = (m,2)). The arithmetic genus of B is
12. For m = 1, B = C ∪ R1,1 ∪ R1,2 where C intersects R1,1 transverally in one point and
R1,1 ∩C = ∅ and R1,1 intsersects R1,2 transversally in two points.
There is then a unique unramified morphism f ∶ B → YΩ11 such that f∣C is a closed
immersion, f∣Ri,1 is a closed immersion with image Γ1 and f∣Ri,2 is a closed immersion with
image Γ̃1, for 1 ≤ i ≤ m and where (f(p), f(q)) = (x1, y1). Thus f∗B ∈ ∣H ∣. Note that the
stabilization Bˆ has two components, namely it is the union of C with a rational curve with
one node. Thus the claim holds in the r(g) = 0 case by Proposition 3.9, together with Lemma
3.3 and Corollary 2.11.
We now turn to the nonprimitive case.
Lemma 3.11. Let ∆ be an smooth, one-dimensional algebraic variety over C, with 0 ∈∆ a
closed point. Let C →∆ be a flat family of nodal curves, with general fibre integral and such
that
C0 = B ∪ Γ1 ∪ . . . ∪ Γk,
with B smooth and non-trigonal, and Γi smooth curves for 1 . . . i ≤ k, with all intersections
transversal. Then if C˜t is the normalization of Ct, t ∈ ∆ general, then C˜t is non-trigonal.
Proof. We go through the first steps of the usual stable reduction procedure, [3, §X.4]. Let
µ ∶ C˜ → C be the normalization of the integral surface C. Then µ is finite and birational,
and further is an isomorphism outside the preimage of singular points in the fibres of C.
Further, C˜ → ∆ is a flat-family of curves by [54, Prop. 4.3.9]. As C˜ has isolated singularities,
C˜t must be smooth for t ∈ ∆ general, and must be the normalization of Ct, as µ is finite
and birational. Since µ0 ∶ C˜0 → C0 is finite, and an isomorphism outside singular points ofC0, the components of C˜0 are isomorphic to B, Γi. Further, µ0 factors through the total
normalization of C0 (which equals the disjoint union of the components). This forces C˜0 to
itself be nodal. Further C˜0 is connected, by taking a desingularization of the surface C˜ and
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applying [54, Thm. 8.3.16] followed by [54, Cor. 8.3.6]. Since B is smooth and non-trigonal,
the stabilization of C˜0 lies outside the image of H3,p, where p is the arithmetic genus of C˜0.
It follows that C˜t is non-trigonal.
Lemma 3.12. Let Za be a general K3 surface with Picard lattice Λa generated by elements
D,F,Γ giving the intersection matrix
⎛⎜⎝
2a − 2 6 1
6 0 0
1 0 −2
⎞⎟⎠
Assume that 14 ≤ a ≤ 19. Then we may pick the basis such that D, F , Γ are all effective and
represented by integral, smooth curves with D ample. Further, there is an unramified stable
map fa ∶ Ba → Za, birational onto its image, with Ba an integral, nodal curve of arithmetic
genus 13 for 14 ≤ a ≤ 15 and 15 for 16 ≤ a ≤ 19, such that fa∗(Ba) ∈ ∣D∣ and fa satisfies
the conditions of Proposition 3.9. Further, there is an integral, rational nodal curve F0 ∈ ∣F ∣
which meets fa(Ba) transversally, and Γ meets fa(Ba) transversally in one point.
Proof. Let MΛa be the moduli space of pseudo-ample, Λa-polarized K3 surfaces, [22]. This
has at most two components, which locally on the period domain are interchanged via
complex conjugation. Consider the lattice Ω11 with ordered basis {L,E,Γ1, . . . ,Γ8} and set
d8 = 1. For d1, d2 ≥ 3, let H be the primitive, ample line bundle H = L+Γ1 + ǫΓ2, where ǫ = 0
for 14 ≤ a ≤ 15 and ǫ = 1 for 16 ≤ a ≤ 19. Choose 3 ≤ d1, d2 ≤ 5 such that H2 = 2a−2; it is easily
checked that all six possibilities can be achieved. There is a primitive lattice embedding
Λa ↪ Ω11
defined by D ↦ H , Γ↦ Γ8, F ↦ E.
Let YΩ11 be any K3 surface with Pic(YΩ11) ≃ Ω11, and choose the basis {L,E,Γ1, . . . ,Γ8}
as in Lemma 2.1. Consider the curve C ∪ Γ1 ∪ ǫΓ2 ∈ ∣H ∣, where C ∈ ∣L∣ is a general smooth
curve. By partially normalizing at all nodes other than three on C ∪Γ1 and three on C ∪Γ2
(for ǫ ≠ 0), we construct an unramified stable map f¯a ∶ B¯a → YΩ11 with f¯a∗(B¯a) ∼ H which
is birational onto its image and satisfying the conditions of Proposition 3.9. Note that B¯a
has arithmetic genus 13 for 14 ≤ a ≤ 15 and 15 for 16 ≤ a ≤ 19. After deforming f¯a to an
unramified stable map fa ∶ Ba → Za, we find Ba must become integral, since it is easily
checked that Za contains no smooth rational curves R with (R ⋅ F ) = (R ⋅ Γ) = 0. Further,
the normalization B˜a is non-trigonal by Lemma 3.11.
Thus the claim on fa follows from the proof of Proposition 3.9. Note that the I2 fibre
Γ7+ Γ̃7 must deform to an integral, nodal, rational curve on Za, since Za contains no smooth
rational curves which avoid F and Γ. If Ω11 ↪ Pic(YΩ11) is the embedding as in Lemma 2.1,
and if Y cΩ11 is the conjugate K3 surface, then we obviously have an embedding Ω11 ↪ Pic(Y cΩ11)
satisfying the conclusions of Lemma 2.1. Thus the claim holds for the general pseudo-ample,
Λa-polarized K3 surface Za.
Remark 3.13. In the notation of the above proof, we have h0(Nf¯a) ≤ p(B¯a) from Lemma 3.3.
It thus follows that h0(Nfa) ≤ p(Ba) by semicontinuity.
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Lemma 3.14. Let 1 ≤ d ≤ 5 be an integer and consider the rank five lattice Kd with basis{A,B,Γ1,Γ2,Γ3} giving the intersection matrix
⎛⎜⎜⎜⎜⎜⎜⎝
−2 6 3 2 d
6 0 0 0 0
3 0 −2 0 0
2 0 0 −2 0
d 0 0 0 −2
⎞⎟⎟⎟⎟⎟⎟⎠
.
Then Kd is an even lattice of signature (1,4). There exists a K3 surface YKd with Pic(YKd) ≃
Kd, and such that the classes {A,B,Γ1,Γ2,Γ3} are all represented by nodal, reduced curves
such that the nodal curve A meets Γ1,Γ2 and Γ3 transversally. Further, A+B is big and nef.
Proof. Let Y1, Y2 be smooth elliptic curves and consider the Kummer surface Z̃ associated
to Y1 × Y2. Let P1, P2, P3, P4 be the four 2-torsion points of Y1 and let Q1,Q2,Q3,Q4 be the
2-torsion points of Y2. Let Ei,j ⊆ Z̃ denote the exceptional divisor over Pi ×Qj , let Ti ⊆ Z̃
denote the strict transform of (Pi×Y2)/± and let Sj denote the strict transform of (Y1×Qj)/±.
We also denote by F a smooth elliptic curve of the form x×Y2, where x ∈ Y1 is a non-torsion
point. It may help the reader to consult the diagram on [55, p. 344], to see the configuration
of these curves. We set
Ã ∶= S1 +E1,1 + T1 +E1,2 + S2 +E1,3 + S3
B̃ ∶= F + S4 +E2,4 + T2 +E2,1 +E2,2 +E2,3
Γ̃1 ∶= T3 +E3,1 +E3,2 +E3,3
Γ̃2 ∶= T2 +E2,1 +E2,2
Γ̃3 = { T4 +∑di=1E4,i, if 1 ≤ d ≤ 3
T4 +∑d−3i=1 E4,i +E4,4 + S4 +E2,4 + T2 +E2,1 +E2,2 +E2,3, if 4 ≤ d ≤ 5.
Then Ã, B̃, Γ̃1, Γ̃2, Γ̃3 generate Kd (to simplify the computations, use that a tree of −2 curves
has self-intersection −2). To see that this gives a primitive embedding of Kd in Pic(Z̃) we
compute the intersections with elements of Pic(Z̃); for J ∈ Pic(Z̃), define (J ⋅Kd) to be
the quintuple ((J ⋅ Ã), (J ⋅ B̃), (J ⋅ Γ̃1), (J ⋅ Γ̃2), (J ⋅ Γ̃3)). Then one computes (T1 ⋅ Kd) =(1,0,0,0,0), (T3 ⋅Kd) = (0,0,1,0,0), (E4,1 ⋅Kd) = (1,0,0,0,−1), (E2,4 ⋅Kd) = (0,0,0,1,0),(E2,3 ⋅Kd) = (1,−1,0,1, c), where c is either 0 or −1, depending on d. Thus Kd is primitively
embedded in Pic(Z̃). Further, all intersections of B̃, Γ̃1, Γ̃2, Γ̃3 with Ã are transversal . Note
that for any (rational) component R ⊆ Ã + B̃, (R ⋅ Ã + B̃) ≥ 0. Thus Ã + B̃ is big and nef.
Hence the claim holds by degenerating to Z̃.
Lemma 3.15. Let 1 ≤ d ≤ 5 be an integer and consider the K3 surface YKd from Lemma
3.14. Then the classes {A,B,Γ1,Γ2,Γ3} are all represented by integral curves.
Proof. We will firstly show that B is nef, and hence base point free. Indeed, there would
otherwise exist an effective divisor R = xA + yB + zΓ1 + wΓ2 + uΓ3 for integers x, y, z,w,u,
with (R)2 = −2 and (R ⋅ B) < 0, i.e. x < 0. Thus R − xA is effective and (R − xA ⋅ A) =(R − xA ⋅A +B) ≥ 0, since A +B is nef. But then
−2 = (R)2 = ((R − xA) + xA)2
= −2(z2 +w2 + u2 + x2) + 2x(R − xA ⋅A)
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So we must have z = w = u = 0, x = −1 and (R + A ⋅ A) = 0. But then R = −A + yB and(R +A ⋅A) = 0 gives y = 0. But this contradicts that A is effective.
We next show that each Γi is integral. Let R be any irreducible component of Γi with(R ⋅Γi) < 0, (R)2 = −2 (such a component exists). Write R = xA + yB + zΓ1 +wΓ2 + uΓ3. We
have x ≥ 0 as (R ⋅B) ≥ 0. Assume x ≠ 0. Then (R ⋅R+B) > 0, (R+B)2 > 0, so that R+B is big
and nef, contradicting that (R+B ⋅Γi) = (R ⋅Γi) < 0. Thus x = 0 and R = yB+zΓ1+wΓ2+uΓ3.
Since (R)2 = −2, (R ⋅ Γi) < 0, we have R = yB + Γi. Since (R ⋅A +B) = (R ⋅A) ≥ 0, we must
have y ≥ 0 (for i = 3, we need here that d < 6). Since the only effective divisor in ∣R∣ is
integral (and equal to R), we must have y = 0. Thus Γi = R is integral.
To show that A is integral, let R1, . . . ,Rs be the components of the effective −2 curve A,
and write Ri = xiA+ yiB + ziΓ1 +wiΓ2 + uiΓ3 for integers xi, yi, zi,wi, ui. Intersecting with B
shows we have xi ≥ 0 for all i. Thus there is precisely one component, say R1 with x1 ≠ 0
and further x1 = 1. Now, choose a component Ri with (Ri)2 = −2, (Ri ⋅ A) < 0. Firstly
assume i ≠ 1, so that xi = 0. Intersecting with the integral curves Γj , 1 ≤ j ≤ 3 (and noting
Ri ≠ Γj as (Ri ⋅A) < 0), we have zi,wi, ui ≤ 0. From (Ri)2 = −2, we see Ri = yiB −Γj for some
1 ≤ j ≤ 3. Intersecting with A gives 6yi − k < 0 for some 1 ≤ k ≤ 5, and thus yi ≤ 0 which is a
contradiction to the effectivity of Ri.
In the second case, assume (R1)2 = −2, (R1 ⋅A) < 0, with R1 = A+y1B+z1Γ1+w1Γ2+u1Γ3.
We compute
−2 = (R1)2
= ((R1 −A) +A)2
= −2(y21 + z21 +w21 + u21 + 1) + 2((R1 ⋅A) + 2)
= −2(y21 + z21 +w21 + u21) + 2((R1 ⋅A) + 1).
Thus we have either (R1 ⋅A) = −2 and R1 = A + y1B or (R ⋅A) = −1, R1 = A + y1B ± Γj for
some 1 ≤ j ≤ 3. In the first case, (A + y1B ⋅A) = −2 implies y1 = 0 so A = R1 is integral. In
the second case, (A+ y1B ±Γj ⋅A) = −1 implies −1 = −2+ 6y1 ± k, for 1 ≤ k = (A ⋅Γj) ≤ 5. The
only possibilities are y1 = 0, k = 1, R1 = A+Γj, contradicting that all effective divisors in ∣R1∣
are integral, or y1 = 1, k = 5, R1 = A +B − Γj. Since (B − Γi)2 = −2, (B − Γj ⋅A +B) > 0, we
have that B − Γj is effective, so once again this contradicts that all effective divisors in ∣R1∣
are integral.
Lemma 3.16. Let MΛa denote the moduli space of pseudo-ample Λa-polarized K3 surfaces,
with the lattice Λa as in Lemma 3.12, for 14 ≤ a ≤ 19. Then there is a nonempty open subset
U ⊆MΛa such that for [Ya] ∈ U we may pick the basis {D,F,Γ} such that there is an integral,
nodal, rational curve Ra ∈ ∣D − 2F − Γ∣ such that Ra meets Γ transversally in three points.
Proof. Set y ∶= a − 14, so that 0 ≤ y ≤ 5 by assumption. If we change the basis of Λa to{D − 2F − Γ, F,Γ} = {X,Y,Z}, we see Λa is isometric to the lattice Λ¯a with intersection
matrix
⎛⎜⎝
2y − 2 6 3
6 0 0
3 0 −2
⎞⎟⎠ .
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Let Kd be the lattice from Lemma 3.14. For appropriate choices of d there is a primitive
lattice embedding Λ¯a ↪Kd, given by
X ↦ A + ǫ1Γ3 + ǫ2Γ2
Y ↦ B
Z ↦ Γ1
where if a = 14 we set ǫ1 = ǫ2 = 0 and d arbitrary, if 15 ≤ a < 19 we set d = y + 1, ǫ1 = 1, ǫ2 = 0
and if a = 19 we set d = 5 and ǫ1 = ǫ2 = 1. By Lemmas 3.14, 3.15, we have that A,Γ2,Γ3
are represented by smooth rational curves intersecting transversally on YKd. In all cases, the
divisor D = X +2Y +Z is big and nef, since if R ∈ {Γ1, ǫ1Γ3, ǫ2Γ2,A}, (R ⋅D) ≥ 0. By partially
normalising nodes we may produce an unramified, stable map f ∶ C˜ → YKd, where C˜ is a
genus zero union of smooth rational curves and f(C˜) = A + ǫ1Γ3 + ǫ2Γ2. By [52, §2, Remark
3.1] we may deform f horizontally to a stable map with target a small deformation of YKd
in the moduli space of Λa-polarised K3 surfaces. After deforming YKd to a K3 surface Ya
with Pic(Ya) ≃ Λa, we can deform A + ǫ1Γ3 + ǫ2Γ2 to a nodal rational curve R¯a which meets
Γ transversally in three points. Furthermore, R¯a is integral, since Λa contains no −2 curves
which have zero intersection with F,Γ.
We now prove Theorem 1.2:
Proof of Theorem 1.2. Assume k ≥ 2, g ≥ 8. Set m ∶= ⌊ g−5
6
⌋ and let 0 ≤ r(g) ≤ 5 be the unique
integer such that g−5 = 6m+r(g). We let lg ∶= 15 if r(g) = 3,4, m odd and/or k even, lg ∶= 16
if r(g) = 3,4, m even and k odd, lg ∶= 17 if r(g) = 5, m odd and/or k even, lg ∶= 18 if r(g) = 5,
m even and k odd, lg ∶= 17, if r(g) ≤ 2, m even and/or k even and finally lg ∶= 18 if r(g) ≤ 2,
m odd and k odd. We will prove that there is a component I ⊆ T ng,k such that
η∣I ∶ I →Mp(g,k)−n
is generically finite for p(g, k)−n ≥ lg. Further, we show that for the general [f˜ ∶ C ′ →X ′] ∈ I,
C ′ is non-trigonal.
Consider the Λa-polarized K3 surface Ya from Lemma 3.16 and let {D,F,Γ} be as in the
lemma. Set m ∶= ⌊g−5
6
⌋ ≥ 0 and
m′ =
⎧⎪⎪⎨⎪⎪⎩
m − 1 if r(g) ≥ 3
m − 2 if r(g) ≤ 2. .
Consider the primitive, ample line bundle H = D +m′F . We choose
a =
⎧⎪⎪⎨⎪⎪⎩
11 + r(g) if r(g) ≥ 3
17 + r(g) if r(g) ≤ 2. .
Then (H)2 = 2g−2 for g ≥ 8. Let fa ∶ Ba → Ya (resp. Ra) be the unramified stable map (resp.
rational curve) from lemmas 3.12 (resp. 3.16). Set l = km′ + 2(k − 1) which is nonnegative
for k ≥ 2, g ≥ 8. We have an effective decomposition
kH ∼ fa(Ba) + (k − 1)Ra + (k − 1)Γ + lF0,
25
where F0 ∈ ∣F ∣ is an integral, nodal rational curve as in lemma 3.12. We will prove the result
by constructing an unramified stable map f ∶ B → Ya with f∗(B) = fa(Ba)+ (k − 1)Ra + (k −
1)Γ + lF0 satisfying the conditions of Proposition 3.9.
Assume firstly m′ is even and/or k is even, so l is even, and set s = l/2. Let P1 → F0
be the normalization morphism and let p, q be the points over the node. Let x be the point
of intersection of fa(Ba) and Γ and let y, z be distinct points in Γ ∩Ra. We may pick the
points to ensure y ≠ x, z ≠ x. Define B as the union of Ba with l + 2(k − 1) copies of P1 and
with transversal intersections as in the following diagram:
. . . . . .
Ba
F1,1
p
q
F1,2 q
F2,1
F2,2
Fs,1
p
Fs,2
x
Γ1
Ra,1
Γ2 Ra,2
Γk−1
Ra,k−1
y
z
Then there is a unique unramified morphism f ∶ B → Ya with f∗(B) = fa(Ba) + (k − 1)Ra +(k − 1)Γ + lF0 which restricts to the normalization P1 → Ra on all components marked Ra,i,
restricts to fa on Ba, sends all components marked Fi,j to F0, all components marked Γi to
Γ and which takes points marked x (resp. y, z, p, q) to x (resp. y, z, p, q).
We now claim that if B0 ⊆ B is a connected union of components containing Ra,k−1 with
f∗(B0) ∈ ∣nH ∣ then n = k and B0 = B. If c1D + c2F + c3Γ is a divisor linearly equivalent to
nH , then intersecting with F shows c1 = n. Now Ra ∈ ∣D−2F −Γ∣, whereas H =D+(m−1)F
for m ≥ 0. Thus f∗(B0) ∈ ∣nH ∣ shows that the connected curve B0 cannot coincide with
the component Ra,k−1, and thus must also contain Γk−1. Repeating this argument, one sees
readily that B0 must contain ∑k−1i=1 (Γi + Ra,i) + Ba. We then get n = k as required, which
forces B0 = B.
Using Remarks 3.4 and 3.13, one sees h0(Nf) ≤ p(B). For any component C ≠ Ba ⊆ B,
f(C) meets f(Ba) properly. Thus it follows from Proposition 3.7 that the conditions of
Proposition 3.9 are met. Note that the arithmetic genus of B is lg.
Now assume m′ is odd and k is odd. Let a, b, c ∈ fa(Ba) ∩ F0 be distinct points. Let B
be as in the diagram below.
. . . . . .
Ba
F1
p
F2 q
F3
F4
Fl
a b c x
Γ1
Ra,1
Γ2 Ra,2
Γk−1
Ra,k−1
y
z
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Then as before there is an unramified morphism f ∶ B → Ya with f∗(B) = fa(Ba)+(k−1)Ra+(k−1)Γ+ lF0 satisfying the conditions of Proposition 3.9, and B has arithmetic genus lg.
The following lemma will be needed for Theorem 1.7.
Lemma 3.17. Assume p(g, k) and n are such that there is a component I ⊆ T ng,k such that the
morphism η∣I ∶ I →Mp(g,k)−n is generically finite. Then for the general [(f ∶ B → X,L)] ∈ I,
we have
H0(B,f∗(TX)) = 0.
Proof. Let T ng,k(X,L) denote the fibre of T ng,k → Bg over [(X,L)]. The finiteness of η∣I at[(f ∶ B →X,L)] obviously implies that the morphism
rn,k ∶ T
n
g,k(X,L) →Mp(g,k)−n
[f ∶ B →X]↦ [B]
is finite near [f]. The claim H0(B,f∗(TX)) = 0 then follows from the exact sequence of
sheaves on B
0→ TB → f∗(TX)→Nf → 0
and the fact that the coboundary morphism H0(B,Nf ) → H1(B,TB) corresponds to the
differential of rn,k.
Remark. For g ≥ 51, n ≤ g−50
2
then one has H0(B,f∗(TX)) = 0 for the general [(f ∶ B →
X,L)] ∈ I in every component of Vng ⊆ T ng , by [36]. Similar bounds for the case k ≥ 2 are
also stated. In this paper, generic finiteness results for Vng,k →Mp(g,k)−n were also claimed,
the proof however seems flawed, see Remark 4.10.
4 The marked Wahl map
Recall the following definition from [72]: let V be any smooth projective variety, and let R
be a line bundle on V . Then there is a linear map, called the Gaussian:
ΦR ∶
2⋀H0(V,R) →H0(V,ΩV (R2))
s ∧ t ↦ sdt − tds.
Here ΩV (R2) denotes ΩV ⊗R2. In the case R = ωV , this map is called the Wahl map. For
V = C a smooth curve, and T ⊆ C a marking, we call ΦωC(−T ) the marked Wahl map. In this
section we will use an approach inspired by [17] to study Gaussians in the case where V is
a general curve and R is a twist of the canonical bundle.
We begin with the following lemma, which is a special case of [34, Lem. 3.3.1]:
Lemma 4.1. Let x1, . . . , xn, y1, . . . , ym be distinct, generic points of P2 and let d be a positive
integer satisfying
3n + 6m <
d2 + 6d − 1
4
− ⌊d
2
⌋ .
Then there exists an integral curve C ⊆ P2 of degree d with nodes at xi, ordinary singular
points of multiplicity 3 at yj for 1 ≤ i ≤ n, 1 ≤ j ≤m and no other singularities.
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Let C ⊆ P2 be an integral curve of degree d with nodes at xi, ordinary singular points of
multiplicity three at yj for 1 ≤ i ≤ n, 1 ≤ j ≤ m and no other singularities, as in the lemma
above. Let π ∶ S → P2 be the blow-up at x1, . . . , xn, y1, . . . , ym, let EX be the sum of the
exceptional divisors over xi for 1 ≤ i ≤ n and let EY be the sum of the exceptional divisors
over yj for 1 ≤ j ≤m. Denote by D the strict transform of C, and let T ⊆ D be the marking
EX ∩D. Note that D is smooth, since all singularities are ordinary. Set
M = OS((d − 3)H − 2EX − 2EY ),
where H denotes the pull-back of the hyperplane of P2. Note that
KD ∼ (D +KS)∣D ∼ (dH − 2EX − 3EY )∣D + (EX +EY − 3H)∣D ,
and this gives
M∣D ≃KD(−T ).
We therefore have the following commutative diagram
⋀2H0(S,M) ΦM //

H0(S,ΩS(M2))
g
⋀2H0(D,KD(−T ))WD,T // H0(D,K3D(−2T )).
(1)
where ΦM is the Gaussian, [72, §1] and WD,T is the marked Wahl map of (D,T ). Here
g denotes the composition of the natural maps H0(S,ΩS(M2)) → H0(D,ΩS(M2)∣D) and
H0(D,ΩS(M2)∣D) → H0(D,ΩD(M2)). We aim to show that WD,T is surjective. We will
firstly show that g is surjective. The main tool we will need is the Hirschowitz criterion, [40]:
Theorem 4.2 (Hirschowitz). Let p1, . . . , pt be generic points in the plane, and assume
m1, . . . ,mt, d are nonnegative integers satisfying
t∑
i=1
mi(mi + 1)
2
< ⌊(d + 3)2
4
⌋ .
Then H1(P2,OP2(d)⊗ Im1p1 ⊗ . . .⊗ Imtpt ) = 0.
Lemma 4.3. Assume d ≥ 8, 3n +m < ⌊ (d−5)2
4
⌋. Then H1(S,ΩS((d − 6)H − 2EX −EY )) = 0.
Proof. The relative cotangent sequence twisted by (d − 6)H − 2EX −EY gives
0→ π∗ΩP2((d − 6)H − 2EX −EY )→ ΩS((d − 6)H − 2EX −EY )→ ωEX(2)⊕ ωEY (1)→ 0.
Thus it suffices to show
H1(P2,ΩP2(d − 6)⊗ I2X ⊗ IY ) =H1(S,π∗ΩP2((d − 6)H − 2EX −EY )) = 0
where IX = Ix1 ⊗ . . . ⊗ Ixn and IY = Iy1 ⊗ . . .⊗ Iym . Twisting the Euler sequence by ωP2 gives
a short exact sequence
0→ ωP2 → OP2(−2)⊕3 → ΩP2 → 0,
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where we have used the standard identification
ΩP2 ≃ TP2 ⊗ ωP2,
from [39, Ex. II.5.16(b)]. As H2(P2, ωP2(d − 6) ⊗ I2X ⊗ IY ) = 0 for d ≥ 7, it suffices to show
H1(P2,OP2(d − 8)⊗ I2X ⊗ IY ) = 0. This follows from Theorem 4.2 and the assumption d ≥ 8,
3n +m < ⌊(d−5)2
4
⌋.
Lemma 4.4. Let D be as above and assume 3n+m < ⌊ (d−3)2
4
⌋. Assume further that m ≥ 10,
so that d ≥ 10. Then
H1(D,OD((d − 6)H − 2EX −EY )) = 0.
Proof. We have an exact sequence
0→ OS(−6H + 2EY )→ OS((d − 6)H − 2EX −EY )→ OD((d − 6)H − 2EX −EY )→ 0.
By the Hirschowitz criterion, H1(S,OS((d−6)H −2EX −EY )) = 0, as we are assuming d ≥ 6,
3n +m < ⌊(d−3)2
4
⌋. Thus it suffices to show H2(S,OS(−6H + 2EY )) = 0. By Serre duality,
h2(S,OS(−6H + 2EY )) = h0(S,OS(3H +EX −EY )). We have
0→ OS(3H −EY )→ OS(3H +EX −EY )→ OEX(−1)→ 0
and so it suffices to show H0(S,OS(3H−EY )) = 0. But H0(S,OS(3H−EY )) = H0(P2,O(3)⊗
IY ) = 0, since m ≥ 10, and any ten general points do not lie on any plane cubic (as the space
of plane cubics has dimension nine).
Corollary 4.5. Let x1, . . . , xn, y1, . . . , ym be distinct, general points of P2 with m ≥ 10 and
let d ≥ 21 be a positive integer satisfying
3n + 6m < ⌊(d − 5)2
4
⌋ .
Let C ⊆ P2 be an integral curve as in Lemma 4.1. Let S → P2 denote the blow-up of P2 at
x1, . . . , xn, y1, . . . , ym, and let D ⊆ S denote the strict transform of C. Then the map g from
Diagram (1) is surjective.
Proof. Note that ⌊(d−5)2
4
⌋ < d2+6d−1
4
− ⌊d
2
⌋ for d ≥ 5 so that such a curve C exists. Let M be
the line bundle defined above Diagram (1). We have short exact sequences
0→ ΩS((d − 6)H − 2EX −EY ) → ΩS(M2) → ΩS(M2)∣D → 0
and
0→ OD((d − 6)H − 2EX −EY ) → ΩS(M2)∣D → ΩD(M2) → 0.
The map f is the composition of the natural maps H0(S,ΩS(M2)) → H0(S,ΩS(M2)∣D) and
H0(D,ΩS(M2)∣D) → H0(D,ΩD(M2)), so the claim follows from lemmas 4.3 and 4.4.
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We now wish to show that the Gaussian ΦM from Diagram 1 is surjective. We start by
recalling one construction of Gaussian maps from [72, §1]. Let X be a smooth, projective
variety, and L ∈ Pic(X) a line bundle. Let Y →X×X be the blow-up of the diagonal ∆, and
let F denote the exceptional divisor. There is a short exact sequence of sheaves on X ×X
0→ I2∆ → I∆ → ∆∗ΩX → 0.
Twisting the above sequence by L ⊠L produces a short exact sequence
0→ I2∆(L ⊠L) → I∆(L ⊠L) → ∆∗(ΩX(L2)) → 0
and upon taking cohomology we get a map
Φ̃L ∶H
0(X ×X,I∆(L ⊠L)) →H0(X,ΩX(L2)).
Now H0(X ×X,I∆(L ⊠L)) may be identified with the kernel R(L,L) of the multiplication
map H0(X,L) ⊗H0(X,L) → H0(X,L2), and we have ⋀2H0(X,L) ⊆ R(L,L) by sending
s ∧ t to s ⊗ t − t ⊗ s. Further, ΦL is the restriction of Φ̃L to ⋀2H0(X,L), and it is easily
verified that both ΦL and Φ̃L have the same image in H0(X,ΩX(L2)). Thus, to verify the
surjectivity of ΦL, it suffices to show
H1(X ×X,I2∆(L ⊠L)) = H1(Y,L1 +L2 − 2F ) = 0
where L1 and L2 denote the pull-backs of L via the projections pri ∶ Y → X ×X → X , for
i = 1,2.
Following [15], [17], we now wish to use the Kawamata–Viehweg vanishing theorem to
show H1(Y,L1 +L2 − 2F ) = 0.
Proposition 4.6 ([15]). Let X be a smooth projective surface, which is not isomorphic to
P2. Assume L ∈ Pic(X) is a line bundle such that there exist three very ample line bundles
M1,M2,M3 with L −KX ∼M1 +M2 +M3. Then the Gaussian ΦL is surjective.
Proof. For a line bundle A on X , we denote by Ai ∈ Pic(Y ) the pullback via the projection
pri ∶ Y → X ×X → X , for i = 1,2. By the above discussion, it suffices to show H1(Y,L1 +
L2 −2F ) = 0. As the diagonal ∆ ⊆ X ×X has codimension two, we have KY ≃ g∗KX +F , [39,
Exercise II.8.5]. Thus we seeH1(Y,L1+L2−2F ) = H1(Y, (L−KX)1+(L−KX)2−3F+KY ), and
so by the Kawamata–Viehweg vanishing theorem it suffices to show (L−KX)1+(L−KX)2−3F
is big and nef. Since we have
(L −KX)1 + (L −KX)2 − 3F = (M1,1 +M1,2 − F ) + (M2,1 +M2,2 −F )
+ (M3,1 +M3,2 −F ),
it suffices to show that Mi,1 +Mi,2 −F is big and nef for 1 ≤ i ≤ 3. Now H0(Y,Mi,1 +Mi,2 −F )
is the kernel R(Mi,Mi) of the multiplication map H0(X,Mi) ⊗H0(X,Mi) → H0(X,M2i ),
and we have an injective map ⋀2H0(X,Mi) ↪R(Mi,Mi) sending s∧ t to s⊗ t− t⊗ s. Thus⋀2H0(X,Mi) induces a sublinear system of ∣Mi,1 +Mi,2 −F ∣ which induces a rational map
ψi ∶ Y → Gr(1,P(H0(Mi)∗))
(x, y) ↦ φi(x)φi(y)
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where φi ∶X ↪ P(H0(Mi)∗) is the embedding induced by Mi, and where φi(x)φi(y) denotes
the line through φi(x) and φi(y). By viewing (x, y) ∈ F as a pair x ∈ X , y ∈ TX,x, one sees
that the map ψi is in fact globally defined, and hence Mi,1 +Mi,2 − F is nef. To see that it
is big, it suffices to show that ψi is generically finite, i.e. we need to show that there exist
points x, y ∈ X such that φi(X) does not contain the line φi(x)φi(y). But if this were not
the case φi(X) would be a linear space, contrary to the hypotheses.
We now return to the situation of the blown-up plane. We start with the following:
Theorem 4.7 ([19]). Let p1, . . . , pk be generic distinct points in the plane, and let π ∶ S → P2
be the blow-up. Let E ⊆ S be the exceptional divisor, and let H be the pull-back of the
hyperplane class on P2. If we assume d ≥ 5 and k + 6 ≤ (d+1)(d+2)
2
, then dH −E is very ample
on S.
Putting everything together, we deduce:
Proposition 4.8. Let x1, . . . , xn, y1, . . . , ym be distinct, generic points of P2 with m ≥ 10
and let d ≥ 24 be a sufficiently large integer, so that both of the following two conditions are
satisfied
1. 3n + 6m < ⌊ (d−5)2
4
⌋,
2. n +m + 6 ≤ (d−6)(d−3)
18
.
Let C ⊆ P2 be an integral curve of degree d with nodes at xi, ordinary singular points of
multiplicity 3 at yj for 1 ≤ i ≤ n, 1 ≤ j ≤ m and no other singularities. Let S → P2
denote the blow-up of P2, and let D ⊆ S denote the strict transform of C. Then the marked
Wahl map WD,T is surjective, where T is the divisor over the nodes of C. Furthermore,
h0(D,OD(T )) = 1.
Proof. We will firstly show that WD,T is surjective. We have already seen in Corollary 4.5
that the map f from Diagram 1 is surjective, thanks to the assumption 3n + 6m < ⌊ (d−5)2
4
⌋.
Thus it suffices to show that ΦM is surjective, where M = OS((d − 3)H − 2EX − 2EY ). Now
M −KS ∼ (d − 6)H − 3EX − 3EY can be written as the sum
M −KS = (⌊d − 6
3
⌋H −EX −EY ) + (⌊d − 6
3
⌋H −EX −EY )
+ ((d − 6 − 2⌊d − 6
3
⌋)H −EX −EY ).
Since we are assuming d ≥ 24, n +m + 6 ≤ (d−6)(d−3)
18
, Theorem 4.7 shows that M −KS may
be written as a sum of three very ample line bundles (use ⌊d−6
3
⌋ ≥ d−9
3
). Thus Proposition 4.6
implies that the Gaussian ΦM is surjective.
For the second statement, note that the short exact sequence
0→ OS → OS(EX) → OEX(−1) → 0
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gives that h0(S,OS(EX)) = 1. From the sequence
0→ OS(3EX + 3EY − dH) → OS(EX) → OD(T ) → 0
it suffices to show H1(S,OS(3EX+3EY −dH)) = 0. But dH−3EX−3EY is a sum of three very
ample line bundles, so it is big and nef, so that this follows from the Kawamata–Viehweg
vanishing theorem and Serre duality.
As an immediate consequence we can now show that, for any integer l ∈ Z, there are
infinitely many integers h(l) such that the general marked curve [(C,T )] ∈ M̃h(l),2l has
surjective marked Wahl map.
Proof of Theorem 1.6. Consider the curve D ⊆ S from Proposition 4.8, applied to n = l
and m = 10 (choose any d satisfying the hypotheses of the proposition). Let h(l) denote
the genus of D. In an open subset about [(D,T )] ∈ M̃h(l),2l, we have h0(D,OD(T )) =
1 and thus h0(D,KD(−T )) = χ(KD(−T )) + 1 is locally constant. Further, the equality
h0(D,K3D(−2T )) = χ(K3D(−2T )) holds, since deg(K3D(−2T )) > 2h(l) − 2. Thus the claim
follows immediately from Proposition 4.8 and semicontinuity.
Remark 4.9. In our example (D,T ), we have that l is of the order h
8
, where h is the genus
of D. Indeed, if n = l is large, we can take d2 to be approximately 18l, so that g(C) =
1
2
(d − 1)(d − 2) ∼ 9l and h ∼ 8l. Thus one would expect that the marked Wahl map of a
general marked curve in M̃h,2l is surjective, so long as l is at most of the order h8 .
We can now proof our main result on the marked Wahl map for curves arising via the
normalization of nodal curves on K3 surfaces.
Proof of Theorem 1.7. Assume g − n ≥ 13 for k = 1 or g ≥ 8 for k > 1, and let n ≤ p(g,k)−2
5
.
We wish to show that there is an irreducible component I0 ⊆ Vng,k such that for a general[(f ∶ C →X,L)] ∈ I0 the marked Wahl mapWC,T is nonsurjective, where T ⊆ C is the divisor
over the nodes of f(C).
Let I ⊆ T ng,k be the irreducible component from Theorem 1.1 (in the case k = 1) or
Theorem 1.2 (in the case k > 1) and set I0 = I ∩ Vng,k, which is nonempty from [21, Thm.
2.8]. Let π ∶ Y → X be the blow up of the K3 surface X at the nodes of f(C). There is a
natural closed immersion C ⊆ Y . Let E ⊆ Y denote the sum of the exceptional divisors, and
let M = OY (C). We have KC = (M +E)∣C by the adjunction formula. Consider the following
commutative diagram:
⋀2H0(Y,M) ΦM //
h

H0(Y,ΩY (M2))
g
⋀2H0(C,KC(−T ))WC,T // H0(C,K3C(−2T )).
where the top row is a Gaussian on Y . The map h is surjective, as H1(Y,OY ) = 0. Suppose
for a contradiction that the marked Wahl map WC,T were surjective. Then g would be
surjective, and hence the natural map
H0(C,ΩY ∣C(M2))→H0(C,K3C(−2T ))
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would also be surjective. Now consider the short exact sequence
0→M∣C → ΩY ∣C(M2)→K3C(−2T )→ 0.
Since
H1(C,M) =H1(C,KC(−E)) = H0(C,E) ≠ 0,
the surjectivity of g would imply that h1(C,ΩY ∣C(M2)) = h0(C,TY ∣C(2E−KC)) ≠ 0. However
H0(C,TY ∣C(2E −KC)) ⊆H0(C,f∗(TX)(2E −KC)) ⊆H0(C,f∗(TX)) = 0
from Lemma 3.17, and since KC − 2E is effective for n ≤
p(g,k)−2
5
. So this is a contradiction
and hence WC,T is nonsurjective.
Remark 4.10. In the paper [36], claims are made about the generic finiteness of η ∶ Vn
g,k
→
Mp(g,k)−n and the nonsurjectivity of the Wahl map for curves parametrized by the image
of η. The proof of the first statement, [36, Theorem 3.1], seems flawed to us. Indeed, the
statement in Step 1 that s = (s0,0) is trivial, as s defines the splitting.5 The conclusion in
Step 2 that family (3.1) is trivial when restricted to a small analytic open subset of S seems
likewise rather obvious, but in any case does not have the consequence claimed. The proof
of Theorem 4.1 also seems incorrect. Namely, the last row in diagram in (A.1) should be
twisted by −2E, but then Lemma A.2 fails.
5 Brill–Noether theory for nodal curves on K3 surfaces
In this section we consider two related questions on the Brill–Noether theory of nodal curves
on a K3 surface. Let D ⊆ X be a nodal curve on a K3 surface, and let C ∶= D˜ be the
normalization of D. In the first part, we consider the Brill–Noether theory of the smooth
curve C, whereas in the second part we consider the Brill–Noether theory for the nodal curve
D.
5.1 Brill–Noether theory for smooth curves with a nodal model
on a K3 surface
In this section we will apply an argument from [53] to the K3 surface Sp,h as in Lemma 3.10
in order to study the Brill–Noether theory for smooth curves with a primitive nodal model
on a K3 surface.
Lemma 5.1. Consider the K3 surface Sp,h as in Lemma 3.10. There is no expression M =
A1 +A2, where A1 and A2 are effective divisors with h0(Y,O(A1)) ≥ 2 and h0(Y,O(A2)) ≥ 2.
Proof. We first claim that any effective divisor of the form D = aR1 + bR2, for integers a, b,
must have a, b ≥ 0. Suppose for a contradiction that a < 0. Clearly we must have b > 0. Thus
there is some integral component D1 of D with (D1 ⋅R2) < 0, as (D ⋅R2) = −2b < 0. Thus
D1 ∼ R2. Repeating this argument on D−R2, we see that bR2 is a summand of D. But then
5This was pointed out to us by Stefan Schreieder.
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D − bR2 = aR1 is effective, which is a contradiction as a < 0. Thus a ≥ 0. Likewise b ≥ 0.
Furthermore, this argument also shows that all integral components of any effective divisor
of the form D = aR1 + bR2 are linearly equivalent to either R1 or R2. In particular, D is
rigid.
Suppose M = A1 + A2 is an expression as above. Write A1 = x1M + ∑2i=1 y1,iRi and
A2 = x2M + ∑2i=1 y2,iRi for integers xi, yi,j for i = 1,2, 1 ≤ j ≤ 2. We have x1, x2 ≥ 0 by
Lemma 3.10 and x1 + x2 = 1, and assume x1 ≥ x2. Thus we must have x2 = 0, which gives
h0(Y,O(A2)) ≤ 1 (as the divisor ∑2i=1 y2,iΓi is rigid if y2,i ≥ 0 for all i and not effective if there
is some j with y2,j < 0).
Let C ⊆X be a smooth curve on a K3 surface X . LetM ∈ Pic(C) be a globally generated
line bundle such that ωC ⊗M∗ is also globally generated. We denote by FC,M the vector
bundle on X defined as the kernel of the evaluation map H0(C,M)⊗C OX ↠M . Let GC,M
be the dual bundle of FC,M , this is globally generated from the exact sequence
0→H0(M)⊗OX → GC,M → ωC ⊗M∗ → 0
(using H1(OX) = 0). The following generalization of [53, Lemma 1.3] is well-known, see [25,
Remark 3.1].
Lemma 5.2. In the above situation, assume further that there is no expression O(C) ≃
L1 ⊗ L2, where L1 and L2 are effective line bundles on X with h0(Li) ≥ 1 + si for i = 1,2,
where si ≥ 1 are integers satisfying s1 + s2 = h0(C,M). Then FC,M is a simple vector bundle.
Proof. We follow the proof of [41, Ch.7, Prop.2.2]. The bundle FC,M is simple if and only
if its dual GC,M is simple. Suppose GC,M were not simple. Then there would exist a non-
trivial endomorphism ψ ∶ G → G with nontrivial kernel. Set K ∶= im(ψ), L1 ∶= det(K) and
L2 ∶= det((G/K)). Set s1 ∶= rank (K) and s2 ∶= rank ((G/K)/T ), where T is the maximal
torsion subsheaf of G/K. Clearly si ≥ 1 for i = 1,2 and s1 + s2 = rank (G) = h0(C,M).
So it suffices to prove h0(Li) ≥ 1 + si for i = 1,2. As is explained in [41, Sec.7, Prop.2.2],
if we pick a sufficiently positive divisor D on X we have h0(D,Li∣D) ≥ si + 1 (as c1(T ) is
effective). On the other hand, if D is sufficently positive then D −Li is big and nef, so that
H0(X,Li)↠H0(D,Li∣D) and thus h0(Li) ≥ 1 + si for i = 1,2.
Corollary 5.3. Consider a K3 surface Sp,h as in Lemma 3.10. Let C ∈ ∣M ∣ be a general
smooth curve. Then C is Brill–Noether–Petri general.
Proof. This follows immediately from the proof of the main theorem in [53] and the above
lemma.
Putting all the pieces together, we can prove Proposition 1.8.
Proof of Proposition 1.8. Assume g − n ≥ 8. We must show that there exists a component
J ⊆ Vng such that for [(f ∶ C → X,L)] ∈ J general, C is Brill–Noether–Petri general.
Set h = g − n, p = g. The case n = 0 is [53], so we may assume p > h. Let l,m be the
unique nonnegative integers such that
p − h = ⌊h + 1
2
⌋ l +m
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and 0 ≤ m < ⌊h+1
2
⌋. Set ǫ = 1 if m = 0 or m = ⌊h+1
2
⌋ − 1 and ǫ = 0 otherwise. Then(M +R1 + ǫR2)2 = 2g − 2, where M , R1, R2 are a basis of Pp,h as in Lemma 3.10. The claim
then follows from the proof of Theorem 1.1, by deforming to the curve
R ∶=D ∪R1 ∪ ǫR2
on Sp,h, where D ∈ ∣M ∣ is general, marked at all nodes other than one point from D ∩Ri for
i = 1,2. Note that the partial normalization of R at the marked nodes is an unstable curve,
and the stabilization is isomorphic to D, which is Brill–Noether–Petri general by Corollary
5.3.
5.2 Brill–Noether theory for nodal rational curves on K3 surfaces
In this section we will denote by X a K3 surface with Pic(X) ≃ ZL, (L)2 = 2g−2 with g ≥ 2,
and C ∈ ∣L∣ will denote a fixed rational curve (not necessarily nodal). Let J¯d(C) denote the
compacified Jacobian of degree d, rank one torsion free sheaves and consider the generalized
Brill–Noether loci
W
r
d(C) ∶= {A ∈ J¯d(C) with h0(A) ≥ r + 1}
which can be given a determinantal scheme structure, see [7]. There is an open subset
W rd (C) ⊆W rd(C) parametrizing line bundles. We will denote by ρ(g, r, d) the Brill–Noether
number g − (r + 1)(g − d + r).
The following comes from the proof of [7, Remark 2.3(i)] (although it may have been
known to experts earlier). The proof is essentially the same as in the smooth case.
Theorem 5.4. Each irreducible component of W
r
d(C) has dimension at least ρ(g, r, d).
In the case ρ(g, r, d) ≥ 0, W rd(C) is nonempty, [7, Thm. 3.1]. If ρ(g, r, d) > 0, then under
our hypotheses W
r
d(C) is connected, [32, Thm. 1].
Let Vd,r ⊆W
r
d(C) be the open locus parametrizing sheaves A which are globally generated
and with h0(A) = r + 1. Assume Vd,r ≠ ∅. We will begin by proving that dimVd,r ≤ ρ(g, r, d)
(in particular Vd,r = ∅ if ρ(g, r, d) < 0).
Fix a vector space H of dimension r + 1 and let P rd → Vd,r parametrize pairs (A,λ) where
A ∈ Vd,r and λ is a surjection of OX modules
λ ∶ H⊗OX → A
inducing an isomorphism H ≃ H0(A). Two such surjections are identified if they differ by
multiplication by a nonzero scalar. Thus P rd is a PGL(r+1) bundle over Vd,r.
Let (A,λ) ∈ P rd . Then Kerλ is a vector bundle F of rank r + 1, [32, §3.2]. We have
det(F ) ≃ L∗, deg(c2(F )) = d, h0(F ) = h1(F ) = 0 and h2(F ) = r + 1 + (g − d + r), cf. [53, §1].
Note that g −d+ r = h1(A) ≥ 0. Further, for any rank one, torsion-free sheaf A on C we may
define an ‘adjoint’ A†, which is a rank one torsion-free sheaf with (A†)† = A. From the short
exact sequence
0→ F → H⊗OX → A→ 0
we may form the dual sequence
0→ H∗ ⊗OX → F ∗ → A† → 0.
The following lemma is a slight generalization of [41, Cor. 9.3.2]:
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Lemma 5.5. Assume Pic(X) ≃ ZL as above and let (A,λ) ∈ P rd . Then the vector bundle
F =Kerλ is stable.
Proof. For any vector bundle H ⊆ O⊕aX and any integer s ≥ 1, we have h0(⋀sH∗) ≥ 1. Indeed,
we have ⋀sH ⊆ ⋀sO⊕aX ≃ O⊕bX for some integer b and then EndOX (⋀sH) ≃ ⋀sH ⊗⋀sH∗ ⊆(⋀sH∗)⊕b. Taking global sections gives h0(⋀sH∗) ≥ 1 (as id ∈H0(EndOX (⋀sH))).
Now let F ′ ⊆ F ⊆ H ⊗OX be a locally free subsheaf of F with rk(F ′) = r′ < r + 1. From
the above, h0(det(F ′∗)) ≥ 1 and h0(⋀r′−1F ′∗) ≥ 1 (if r′ > 1). As Pic(X) ≃ ZL, we have
det(F ′) = kL∗ for some k ≥ 0. We claim k ≠ 0. If k = 0 and r′ = 1, then F ′ ≃ OX which
contradicts that h0(F ) = 0. If k = 0, r′ > 0, then F ′ ≃ ⋀r′−1F ′∗ ⊗ det(F ′) gives h0(F ′) ≥ 1
which is again a contradiction. So we have det(F ′) = kL∗ for k > 0 and det(F ) = L∗, which
implies deg(F ′)/rk(F ′) < deg(F )/rk(F ) as required.
LetMv be the moduli space of stable sheaves onX with Mukai vector v = (r+1,L, g−d+r).
We have a morphism
ψC ∶ P
r
d →Mv(A,λ) ↦ (Kerλ)∗
where (Kerλ)∗ denotes the dual bundle to Kerλ. Let MC be the closure of the image of
ψC , with the induced reduced scheme structure. By the description of F , if [F ∗] ∈ Im(ψC),
c2(F ∗) ∼ dcX
where cX is the rational equivalence class of a point lying on a rational curve as defined
in [6].
There is a natural symplectic form α on Mv defined in [57].
Proposition 5.6. Let α be the natural symplectic form onMv and i ∶M0C →Mv the inclusion,
where M0C is the smooth locus of MC. Then i
∗α = 0.
Proof. Since g−d+r ≥ 0, [64, Thm. 0.6(1)] applies and for any [G] ∈Mv, there is an effective,
degree ρ(g, r, d) zero-cycle Z with c2(G) ∼ [Z] + acX for some a ∈ Z. Following [64, Prop.
1.3] there is then a smooth quasi-projective variety M̃v with morphisms q ∶ M̃v → Mv,
p ∶ M̃v →X[ρ(g,r,d)] such that q is surjective and generically finite, and with the property that
if x = [F ∗] ∈ Im(ψC) and y ∈ q−1(x), then we have the rational equivalence
p(y) + (d − ρ(g, r, d))cX ∼ c2(F ∗) ∼ dcX . (2)
Further if β is the symplectic form on the Hilbert scheme of points X[ρ(g,r,d)], we have
q∗α = kp∗β for some nonzero constant k ∈ C. Let M̃C ⊆ M̃v denote the closure of q−1(Im(ψC))
with the induced reduced scheme structure, and let pC respectively qC be the restriction of
p respectively q to the smooth locus of M̃C . Then pC(s) is rationally equivalent to pC(t) for
all s, t in the smooth locus of M̃C , from (2). Thus p∗C(β) = 0 by [63]. Hence q∗C(α) = 0 and
since q is surjective, i∗α = 0.
Corollary 5.7. We have dimMC ≤ ρ(g, r, d).
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Proof. Indeed dimMv = 2ρ(g, r, d) from [57, Thm. 0.1] so this follows from the proposition
above.
Corollary 5.8. If Vd,r is nonempty then dimVd,r = ρ(g, r, d).
Proof. If Vd,r is nonempty then dimVd,r ≥ ρ(g, r, d) by Theorem 5.4, so it suffices to show
dimVd,r ≤ ρ(g, r, d). It then suffices to show that ψC ∶ P rd → Mv has fibres of dimension
dimPGL(r+1). In other words, we need to show that for each fixed F ∈Mv there are only
finitely many A ∈ Vd,r fitting into an exact sequence 0 → F → H ⊗ OX → A → 0. But
this follows immediately from the fact that in our circumstances the degeneracy locus map
Gr(r + 1,H0(F ∗))→ ∣L∣ is globally defined and finite, see [64, §2] (recall that all such A are
supported on a fixed C by definition).
Remark. Assume Vd,r is nonempty. We have dimMC = dimVd,r = ρ(g, r, d) from the above
Corollary. Thus MC is a (possibly singular) Lagrangian subvariety of Mv.
Corollary 5.9. Let X be a K3 surface with Pic(X) ≃ ZL and (L ⋅ L) = 2g − 2. Let C ∈ ∣L∣
be rational and assume ρ(g, r, d) < 0. Then
W
r
d(C) ∶= {A ∈ J¯d(C) with h0(A) ≥ r + 1}
is empty.
Proof. Assume for a contradiction that A ∈ W
r
d(C). Let A′ be the image of the evaluation
morphism H0(A)⊗OC → A. Then A′ is a globally generated, torsion free, rank one sheaf of
degree d′ ≤ d with r′ + 1 ≥ r + 1 sections, and thus A′ ∈ Vd′,r′ . But ρ(g, r′, d′) ≤ ρ(g, r, d) < 0
for d′ ≤ d, r′ ≥ r and thus Vd′,r′ is empty by Corollary 5.8. This is a contradiction.
To proceed we need two technical lemmas.
Lemma 5.10. Let C be an arbitrary integral nodal curve. Suppose A′ is a rank one torsion
free sheaf on C and let k(p) be the length one skyscraper sheaf on C supported at a node
p ∈ C. Then if Z ⊆W rd(C) is an irreducible family of rank one torsion free sheaves such that
we have an exact sequence
0→ A′ → A→ k(p)→ 0
for all A ∈ Z, then dimZ ≤ 1.
Proof. It suffices to show dimCExt1OC(k(p),A′) ≤ 2. We have
Ext1OC(k(p),A′) ≃ Ext1OC(k(p),A′(n)) for any n ∈ Z
≃H0(C,Ext1OC (k(p),A′(n))) for n≫ 0
≃H0(C,Ext1OC (k(p),A′))
where the second line follows from [39, Prop III.6.9]. The sheaf Ext1OC(k(p),A′) is a skyscraper
sheaf supported at p. If A′ is nonsingular at p then
dimCExt
1
OC
(k(p),A′) = dimCExt1OC(k(p), ωC) = 1,
37
by Serre duality.
Suppose now A′ is singular at p and let π ∶ C ′ → C be the normalization of C. Then
dimCExt1OC(k(p),A′) = dimCExt1OC(k(p), π∗(OC′)) since A′p ≃ mp ≃ π∗(OC′)p where mp is
the maximal ideal of p, by [24, III.1]6. But dimCExt1OC(k(p), π∗(OC′)) = 2 as required,
by [4, Prop. 2.3].
Lemma 5.11. Let C be an arbitrary integral nodal curve. Suppose A′ is a rank one torsion
free sheaf and let Q be a sheaf with zero-dimensional support such that supp(Q) ⊆ Csing,
where Csing is the singular locus of C. Then if Z ⊆ W rd(C) is an irreducible family of rank
one torsion free sheaves such that we have an exact sequence
0→ A′ → A→ Q→ 0
for all A ∈ Z, then dimZ ≤ l(Q), where l(Q) denotes the length of Q.
Proof. We will prove the result by induction on l(Q). When l(Q) = 1 the result holds from
Lemma 5.10. Suppose Q has length r and choose a sheaf Q′ with zero-dimensional support
and length r − 1 such that we have a surjection φ ∶ Q↠ Q′. For any
0→ A′ → A→ Q → 0,
φ then induces a short exact sequence
0→ A′′ → A→ Q′ → 0
where A′′ fits into the exact sequence
0→ A′ → A′′ →Ker(φ)→ 0.
Now let π ∶ T → Z be the moduli space with fibre over A ∈ Z parametrising all extensions
0→ A′ → A → Q→ 0; this can be constructed from [9, §4.1]. After replacing T with an open
set we have a morphism ψ ∶ T → W r′d′(C) for some d′, r′, which sends a point representing
the exact sequence 0 → A′ → A → Q → 0 to A′′ ∶= Ker(A → Q′). By Lemma 5.10 the
image of ψ is at most one dimensional as l(Ker(φ)) = 1. Further, π(ψ−1(A′′)) is at most
l(Q′) = l(Q)−1 dimensional for any A′′ ∈ Im(ψ) by the induction hypothesis. It then follows
than dimZ ≤ l(Q) as required.
Lemma 5.12. Let C be an integral, nodal curve. Then
W
0
d(C) ∶= {A ∈ J¯d(C) with h0(A) ≥ 1}
is irreducible of dimension ρ(g,0, d) = d.
6Note that mp is a degree −1, rank one t.f. sheaf, and pi∗(OC′) is a t.f. sheaf of strictly positive degree,
so although these sheaves are locally isomorphic, they are not globally isomorphic.
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Proof. Let Ud ⊆ W
0
d(C) be the open subset consisting of line bundles. Let Vd ∶= Divd(C)
denote the scheme parametrizing zero-dimensional schemes Z ⊆ C such that the ideal sheaf
IZ is invertible of degree d; i.e Vd is the scheme of effective Cartier divisors. Let C˜ → C
denote the normalization. From [48, Thm. 2.4], pullback induces a birational morphism
Vd → Divd(C˜), and thus dimVd = d. We have a morphism Vd → J¯d(C) with image Ud, which
sends a scheme Z to the effective line bundle I∗Z . Thus Ud of dimension at most d. Since
each component of W
0
d(C) has dimension at least d by Theorem 5.4, we see dim(Ud) = d.
Let I be an irreducible component of W
0
d(C) ∖ Ud; we need to prove dim(I) < d. There
is a nonempty open set I0 of I, an integer d′ < d and a partial normalization µ ∶ C ′ → C such
that for each A ∈ I0 there exists a unique effective line bundle B ∈ Picd
′(C ′) with µ∗(B) ≃ A
by [30, Prop. 3.4]. Since the dimension of the moduli space of effective line bundles of degree
d′ on C ′ has dimension d′ by the above, we see that dim(I) ≤ d′ < d.
We now prove the main result of this section, which states that if X is a K3 surface with
Pic(X) ≃ ZL and (L ⋅L) = 2g − 2, and if D ∈ ∣L∣ is a rational nodal curve, then
W
r
d(D) ∶= {A ∈ J¯d(D) with h0(A) ≥ r + 1}
is either empty or is equidimensional of the expected dimension ρ(g, r, d).
Proof of Theorem 1.9. By Corollary 5.9 the theorem holds whenever ρ(g, r, d) < 0. Thus it
suffices to prove the theorem for ρ(g, r, d) ≥ −1. We will proceed by induction on ρ(g, r, d)
starting from the case ρ(g, r, d) = −1.
Choose nonnegative integers r, d and suppose the claim holds for all r′, d′ such that
ρ(g, r′, d′) < ρ(g, r, d). We know the claim holds for r = 0 by Lemma 5.12, so we may suppose
r > 0. Let I be an irreducible component of W
r
d(C) ∖ Vd,r; from Theorem 5.4 it suffices to
show dim(I) < ρ(g, r, d). For all A ∈ I, we denote by A′ the globally generated part of A,
i.e. the image of the evaluation morphism H0(A)⊗OC → A. There is an open dense subset
I0 ⊆ I such that deg(A′) = d′, h0(A′) = r′ is constant for all A ∈ I0. Replacing I0 by a smaller
open set if necessary, we have a morphism
f ∶ I0red →W r′d′(C)
A↦ A′.
Indeed, let S be an integral, locally Noetherian scheme over C, let π ∶ C × S → S be the
projection, and let A be an S flat family of rank one torsion free sheaves As on C, with
deg(As) = d, h0(As) = r′ + 1 constant. Replacing S with an open subset, we may assume
that π∗A is a trivial vector bundle of rank r′ + 1, and that the image A′ of the evaluation
morphism
H0(A)⊗OC×S → A
is flat over S. Replacing S with another open subset, we may further assume π∗A′ is a trivial
vector bundle of rank r′ + 1. We claim that A′s is the base-point free part of As. Let Bs
denote the base point free part of As. The surjection H0(As)⊗OC → A′s shows A′s ⊆ Bs ⊆ A.
Then the exact sequence
0→ A′s → Bs → F → 0,
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where F has zero-dimensional support, and the equality h0(A′s) = h0(Bs) = r+1 implies F is
the zero sheaf (since Bs is base point free). Thus if d′ ∶= deg(A′s), A′ is a flat family of rank
one, torsion free sheaves on C of degree d′ with r′ + 1 sections, so the universal property of
W
r′
d′(C) induces a morphism S →W r′d′(C).
We next claim that f has fibres of dimension at most d − d′. This will then imply the
result as ρ(g, r′, d′) ≤ ρ(g, r, d′) = ρ(g, r, d) − (r + 1)(d − d′) so that dim(I0) < ρ(g, r, d) for
r ≠ 0. For any A ∈ I0 we have a sequence
0→ f(A)→ A→ QA → 0
where QA has zero-dimensional support. We have a canonical decomposition QA = QA,sm ⊕
QA,sing with Supp(QA,sm) ⊆ Csm and Supp(QA,sing) ⊆ Csing, where Csm is the smooth locus of
C and Csing = C −Csm. Replacing I0 with a dense open set we may assume Q′ ∶= QA,sing is
independent of A ∈ I0. Let e ∶= l(Q′). For any A ∈ I0, there is a unique effective line bundle
M of degree d − d′ − e such that we have a short exact sequence
0→ f(A)(M) → A → Q′ → 0.
We have a morphism
g ∶ I0 →W r′d−e(C)
A↦ f(A)(M).
By Lemma 5.11, g has fibres of dimension at most e. For any A′ in the image of f consider
g∣f−1(A′) ∶ f−1(A′)→W r′d−e(C).
The image of g∣f−1(A′) is a subset of the space of tuples A′⊗M forM ∈ Picd−d′−e(C) effective.
The moduli space of effective line bundles in Picd−d
′−e(C) may be identified with the image
of the natural map C
[d−d′−e]
sm → Picd−d′−e(C), where Csm is the smooth locus of C, and thus
has dimension at most d − d′ − e. Thus dim f−1(A′) ≤ d − d′ as required.
Remark. It is clear from the proof that the theorem would hold for any constant cycle curve
C ∈ ∣L∣ such that C is integral and nodal, see [42].
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